11 Integration

Integrating standard functions

1
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Integrate the following with respect to x. m T the fo'[,lowi"n o - ardﬂintegrals
a e+ 2sinx b 4cosx—% tohelpse
41
c%—Zex dﬁ+%sinx : Jde" E=
e i
e 11x2+%e"—g f 3cosx——\/1§ Iel = C .
J} dx=Inlxl+¢
Isinxdx =—G@O5X E¢C
Icosxdx =dlnei-e
Find ﬂlle following integrals. m Use the following standard integrals
sinx :
a .[sinzx dx b Icos2 5 help.
c Jcosxdx i I " Jseczxdxztanx+c
sin’x cos?x ' Icose,c xcotxdx = —cosecx + ¢
I d f 8cosx d 2
= 1 —cos?x i cos?x —1 X J-COSECZde‘= —COE NG
Isecxtanxdx =Secx ke
Find the following integrals. . m Simplify each expression so it forms
a Isecx(secx + tanx) dx b I7_xx;5 dx one or more standard integral.
2.
c Icoseczx(3ex sin?x — 5)dx d Ix_;m e
Evaluate the following. Give your answers as exact values.
1n20 5 I
B 1-3x° I 3(sinx =
a Jlns e¥dx b , % dx c 0<coszx+4e)dx

T
r In 6

d I sec’x(4 — cosxtanx)dx e I (e" + ez*'>dx
0 In2

x(1+ x)

Find the exact value of l dx, leaving your answer in the form a + In b, where a and b
are rational numbers. (4 marks)

L%dx =1n81, where p is a positive constant.

Find the value of p. (4 marks)
Find the exact value of Eseczx(cotzx — 3evcostx — 1) dx (5 marks)
6
Given that a is a real constant, and that
Izﬁ;—g’dx = 1n 1000
show that a =In k, where k is a constant to be found. (5 marks)




@ Integrating f(ax + b)

1

EP)s
&P 6

a Differentiate:

i (4p-3) i (3-2x)
b Find;
i [16(4x - 5)dx i [(4x - 5 dx

i [(-126-297)dx v [26 - 257 dx

Integrate the following with respect to x.

a 6e* b cos(3x +2)

c (4x+1) d cosec 4xcotdx
e sec’(8x—1) f cosec2(1 — 5x)
gy h 1let-

Find the following integrals.
1
a .[((élx——3)2 — (4x - 3)2) dx
b Isec2 3x(%e:5xcosz3x - 2) dx

2 —
c I(ezx—#> dx d = ool 30082xd)c

sin?2x

Find the exact value of:
0
4
a | L6-axdx

b Igﬂ cosec?2x (1 — cos2x) dx
3

3n

In4 7 1
x . 2 TR
c JO (e —4)*dx d f%ﬂ S’z — %) dx

Integration

m Integration is the reverse

process of differentiation, so use
your answers to part a to help.

m In general,

‘[f{(ax +b)dx = %f(ax +b) +c '

m First simplify each expression
“and then apply the integration

- separately.

m Integrate each expression

and then apply the limits to
evaluate the integral.

Given that a is a positive constant and I (2x + D?*dx = 117, find the value of a. (4 marks)
1

4
I Zde =In25, where k is a real constant.
12x—1

Find the value of k.

(4 marks)

In8
7 Find the exact value of I (e* +2)*dx, giving your answer in the form p + Ing, where p and ¢
In2

(E/P) 8

are integers.

T
3%
Given that J i

3

(4 marks)

%cos kxdx = %(1—\/? ), where k is a real constant, find the value of k.

(5 marks)
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€D Using trigonometric identities

1 Integrate the following with respect to x.

a sin?x b 3cot’x
S )

2 sin?x

¢ (1 +cosx) d—

cos?x

2 Find the exact value of:
%f
I cos 22x d
z sin’x

3z
4

b L (sinx — cosecx)?dx
4

%(1 - cos x)?
€ Jz sin’x
3
3 a Using the addition formula, expand:

i cos(5x + 2x) ii cos(5x —2x)

b By adding parts a i and a ii together, show that

cos7x + cos3x =2cosS5xcos2x

dx d j4(secx —tanx)*dx
0

@ Use a trigonometric identity o
transform each expression into a sum of
standard esals = & Sectlonss 4,73

@ In part a, usecos24A=1-2sin24
- together with the standard result for
integrating cosec® x. - Sectiont 7.3

m' cos(A + B)=cosA cosB—sin AsinB
cos(A B) cosA ‘cos B +sin A4 smB -

= Sectlon 7.1':

¢ Use your answer to part b to find I4 cosS5xcos2x dx.

4 Show that ﬁcoszx dor= 7—61’- - % (4 marks)
3
5 Show that Ii tan?2xdx = g - Tﬂf (5 marks)
7
6 a By considering sin(6x + x) and sin(6x — x), or otherwise, show that
sin 7x + sin 5x = 2sin 6xcos x (3 marks)
b Hence find _[3 sin 6x cos x dx. (3 marks)

m Reverse chaln rule

a Differentiate:
i(x2-4)
b Find:
[6x(x - apdx
i [~8(x+2)( + dx - SPdx

i (2+4x-5)

ii Jle(x2 —4)*dx

2 Find the following integrals.
a I6x (x* - 7)7dx b IS sin 2x e > dx
c I(6x2 +8)(4x* + 16x — 5)% dx
92

®~ Integration is the reverse process of
~ differentiation, so use your answers to part a
fohels =

m To mtegrate an expressnon in the form ,

ka ) (fen)" dx, try differentiating (f(x))” t 17
~ then adjust fora constant 1f necessary.




® 9

10 Given that II xzf_ 3

d jsecszI +tanxdx e Icosecz3xe°°t3xdx

Find the following integrals.
("
4x

sin x
a a2—x2dx b I4 3c0sx
[ 6x2-9 sin2x
¢ JTarox—2w ™ .[coszxdx
e
5SInXCosx =
eu4—c0s2xdx fjl+e‘3*

Find the exact value of:

3 2
af sin’4xcos4xdx b rwdx

sec?3x

n3 6 3x
c
c I dx
1112€3x + 1

z
d Lcosec 3xcot3xecoseedy dx
3

7
Evaluate Iﬂ(l +cot x)?cosec? xdx, leaving your answer in the form a + b3 .
6

a Show that sin’x = sinx — 2sin xcos2x + sin xcos*x

b Hence find Isinsxdx.

4
Evaluate I (x + 1) V2x2 + 4x dx, leaving your answer in the form k3.
0 T

g
Find the exact value of f sin4x (e=*#) dx.

sec?x

Find the exact value of I (3 tan x)°

m‘f’fntegration by subst‘itut‘ior"j -

1 Complete the following steps to find IZx(x + 2)4 dx using integration by substitution.

a Given u = x + 2, find gu
X

b Given u = x + 2, write 2x in terms of #.

dx =1In % and k£ > 0, find the exact value of k.

Integration

f Icos4 SxsinSxdx

m To integrate,an_expression in the
form f ke—r o
then adjust for a constant if necessary.

dx, try differentiating In (f(x)),

m De,c‘ide, carefully whether each
expression is in the form kf'(x) (F(x))” or
s
ke foo -

Then integrate and apply the llmItS to

evaluate each mtegrand

(5 marks)

(3 marks)
(3 marks)

(3 marks)

(4 marks)

dx, leaving your answer as a simplified fraction.

(5 marks)
(4 marks)

¢ Use your answers to parts a and b to show that IZx (x+2)'dx = I2(u —-2)u*du.

d Show that J2(u— 2u* du = %u" - %uS +c

e Use the substitution in part a to write your answer in part d in terms of x.
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@«

EP)s
® 6

EP) 7

@Ds

Use the given substitution to find:
m Use to replace dr wnth an
a Ix (x-8)*dx;u=x-38 ~ expression mvolvmg du. Then write the
_integrand in terms o of uand lntegrate k
b Jsinxcos x(1+cosx) dx;u =1+ cosx - Remember to use the substltutlon to write

‘your final answer in terms of x.
c JcoseczxcothZ +cotxdx;u=2+cotx

—\, 2
d JXTde;qux2+l

Use the given substitution to evaluate:

5
R it T e e . SR T

a J‘%x dx —1dx;u=4x-1 b Iléﬁ(ﬁ—%dx’u_ﬁ
3,

c I4ﬂn3idx;u=cosx d Izlsj_nsi)fxdx;u=sinx

%COS X

2
Using the substitution u = 1 + x? or otherwise, find the exact value of I N1+ x*dx.
0

(6 marks)
In6
Using the substitution u = ¢*, or otherwise, find the exact value of I ——edx, leaving your
answer in the form In @, where « is a rational number to be found. (6 marks)
a Using the substitution x = tan 6, or otherwise, show that I T dx arctanx + c.
1 (4 marks)
1
b Hence evaluate J J_ T1.2 dx. (2 marks)

Using the substitution > = 2x + 1 or otherwise, show that the exact value of J \/ﬁ— dx
X

is ﬂ(%@ (6 marks)
; . — : 2sin2x
By using a suitable substitution, or otherwise, find Imd (5 marks)
@ Integratlon by parts
Find the following integrals.
a Ixcosxdx b Ixseczxdx m Iu dx o Vg‘gdx
c Ixez" dx d Ix cosec?4x dx L part a, let u = x and % —
e Ixe“"C dx f Ix sin5x dx
2 Find the following integrals.
a lenx dx b Ix3 Inx dx m In parta, let #=In x and g—; =X.
¢ Iln xdx In'part",c, wrtte Jlnxdxas Il x""'ln x:dx. ;
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