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Introduction

This workbook is designed to help practice essential calculus
techniques, especially the art of finding derivatives and performing
integrals. Each chapter focuses on one main topic such as how to
apply the chain rule or how to perform an integral with a
trigonometric substitution.

Every chapter begins with a concise explanation of the main
concept, followed by a few examples. The examples are fully solved
step-by-step with explanations, and should serve as a valuable guide
for solving the practice problems. The solution to every practice
exercise is tabulated at the back of the book.

A variety of essential calculus skills are covered in this
workbook. The first chapter starts out simple with derivatives of
polynomials, and the difficulty of the lessons progresses as the book
continues. Students will learn:

* how to find derivatives and anti-derivatives of polynomials

* how to find derivatives and anti-derivatives of trigonometric

functions

* how to find derivatives and anti-derivatives of logarithms and

exponentials

* how to perform definite integrals

* how to perform multiple integrals

» a variety of integration techniques

May you (or your students) find this workbook useful and
become more fluent with these essential calculus skills.



1 DERIVATIVES OF POLYNOMIALS

Given a polynomial term of the form ax® (where a is a constant
coefficient and b is a constant exponent), to take a derivative with
respect to the variable x, first multiply the coefficient a by the
exponent b, and then reduce the exponent by 1 according to the
following formula:

d
— (ax?) = bax?1
dx
Note that a few special exponents can make a polynomial look
somewhat different:
* If you see a variable in a denominator, you may bring it to the
numerator by negating its exponent according to the following
rule:
1

—_— x_
xN
* If you see a squareroot, rewrite it using an exponent of Vz:

Jx = x1/2

* If no coefficient or exponent is observed, the number 1 is
implied:

n

x = 1x1
1 1

—_ = — =X
x xl
It may help to recall the following rules of algebra regarding
exponents:

1



xﬂ’l

xMyM — xm+n ’ x_n — ,m—n
x0 =1 , (xm)n — N
(ax)m = qaMx™ ’ (aman)p — qMP P

Vax = (ax)Y? = q'/2x1/?
If a polynomial includes multiple terms, find the derivative of each
term individually and then add the results together:

d dy, dy, dy,

a(}h +Y, ot yn) = dx T T Y

For example, if y, = 4x2, y, = =3x, and y; = 6, this means:

d d d d

—(4x% =3 6) = — (4x2 —(—3 — (6

7 (7 = 3x+6) = (4x%) + - (=3%) + —— (6)
Note that the derivative of a constant equals zero:

d =0
dxc_



Example: Perform the following derivative with respect to x.
d
— (5x7)
dx
Compare 5x3 with the general form ax? to see

that the coefficient is a = 5 and the exponent is
b = 3.Pluga = 5 and b = 3 into the formula

a by — b-1
— (ax?) = bax®~".

i(5x3) = (3)(5)x31 = 15x72
dx



Example: Perform the following derivative with respect to t.

d

—(t?

- (%)
Note that this derivative is with respect to ¢
(instead of the usual x). Simply replace x with t in

the formula % (ax?) = bax?~! to get the formula
% (at?) = bat"~1. Compare t* with the general

form at? to see that the coefficientis a = 1 (since
the number 1 is implied when no coefficient is
present: 1¢* = ¢*) and the exponentis b = 4. Plug

a = 1 and b = 4 into the formula % (at?) =

bat?~1

d - —_—
E(t‘l‘) = (4)(Dt* 1 = 4¢3



Example: Perform the following derivative with respect to x.
d
—(6x2/3
—(6x%/°)

Compare 6x2/3 with the general form ax? to see
that the coefficient is a = 6 and the exponent is
b=2/3.Pluga = 6and b = 2/3 into the formula

;—x (ax?) = baxP?~1.

d 2
“ 2/3) — (£ 2/3-1 _ 4,—1/3
p (6x ) (3) (6)x X

Note that (é) (6) = %? = 1—32 = 4 and that% — 1=

2/3

2 3 _ 2-3 1
T35 T T3 (recall that the way to subtract

3 3 3
fractions is to make a common denominator).

. _ 1 :
Since x~1/3 = —, the answer may alternatively

x1/3’

be expressed as:



Example: Perform the following derivative with respect to u.

2 (o)
du \u
Note that this derivative is with respect to u
(instead of the usual x). Simply replace x with u in

the formula ;—x (ax?) = bax?~! to get the formula

d _ .7 PR
— (au?) = bau?~*. Rewrite —as 7u 1 using the

1

fact that u~! = =. Compare 7u~! with the general

u
form au? to see that the coefficient is @ = 7 and

the exponentisb = —1.Pluga =7and b = —1

. d _
into the formula — (au?) = bau?~1.

d (7 d
—(2) = = u) = (DO = T
du \u du
7
U2
Note that (—1)(7) = —7,that—1 — 1 = —2, and
1

thatu™* = —.
u



Example: Perform the foIIowin?i derivative with respect to x.
ax (V3%)

Rewrite v3x as (3x)/2 using the fact that \/y =
y1/2, Then rewrite (3x)/? as 3/2x%/2 using the
rule (cx)™ = ¢"x™. Compare 3'/2x1/2 with the
general form ax? to see that the coefficientis a =
31/2 and the exponentis b = 1/2. Plug a = 3/2
and b = 1/2 into the formula % (ax?) = bax?~1.

a V3x) = i(31/2x1/2) _ (1) (31/2)x1/2-1

dx dx 2

31/2

=7

~1/2



Note that( ) (31/2) = and that— 1= 5 _

2 1-2
S= 5= (recall that the way to subtract

2 2
fractions is to make a common denominator).

: _ 1 1
Since x /2 = = —and 3%/? = /3, the answer

x1/2 \/E
may alternatively be expressed as:

312 V3 _ V3+x V3Vx _V3x

2 " x  2xvE | 2x | 2x
We multiplied by \/£_ in order to rationalize the

denominator. Note that VxvVx = Vx2 = x and that
v3vx = V3x according to the rule \/pvx = \/px.



Example: Perform the following derivative with respect to x.
d
— (6x3 — 12x)
dx

Since this expression has two terms (6x3 and
—12x), we may find the derivative of each term
individually and then add the results together
according to the following formula, where y; =
6x3and y, = —12x:

d dy; dy;

a(h + ¥2) Za‘l'a

Find the two individual derivatives:
e Compare 6x3 with the general form ax? to see
that the coefficient is a = 6 and the exponent
is b = 3. Pluga = 6 and b = 3 into the

d _
formulaa(axb) = pax?~1.

dy,
dx

— d (6x3) = (3)(6)x31 = 18x?
dx



e Compare —12x with the general form ax? to
see that the coefficientis a = —12 and the
exponentis b = 1 (recall that an exponent of
1 is implied when no exponent is present:

x! = x).Pluga = —12 and b = 1 into the

formula d% (ax?) = bax?~1. Recall from

algebra that x° = 1.

dy,
dx

= d (—12x) = (D(—12)x1"1 = —12x°
dx

=—12

.. d d d
Now substitute =2 = = (6x3) = 18x% and =2 =
dx dx dx

d - . d
Tx (—12x) = —12 into the equation — (y; +y,) =

dy,q ay,
dx + dx
d dy; dy, )
= 18x% — 12

Our final answer is:

d
a(6x3 —12x) = 18x% — 12



Chapter 1 Exercises

Directions: Perform each derivative with respect to the indicated
variable.

Write your solutions down on a piece of paper. You can find the full
solution to each problem at the end of this chapter.

Part A
o %(Bx‘*) = (2 %(Sx‘z) =
® ()= 0 L (57) -
o (%)
© (M- © ()"

Part B



d
3 2 _ _
(9] dx(Sx +4x%2 —3x +2)
d
@—d (1—-u)=
u

i 3/2 1/2) _
mdx(4x +12x1/%) =



Chapter 1 Solutions

Part A

(1 i(8::54‘) = (4)(8)x* 1 =|32x°
dx

(D] i(Sx‘z) = (=2)(5)x %71 = —10x~3
dx

_ 10
Note: Both —10x 3 and — " are correct answers.

d /1 d d
® —(;)=-@ D=0 =D
1

2

— _t—Z —

_ 1
Note: Both —t 2 and — = are correct answers.



d 7 56
774 — [ 7/4—1 _ 3/4
(4 - (Bx ) (4) (8)x 7 X

= |14x3/*

7 4 7—4 3

7 .
Note:-—1=-—-= = - (subtract fractions
4 4 4 4 4

with a common denominator).

d (x3/° 3\ (1 3
_(2\(2\.,3/5-1 — > ..-2/5
6 dx( 6 ) (5)(6)x 30"

x"2/5 1
10 10x2/5

3 3 5 3-5

-2 .
e~ l=c—c=—=+ (subtract fractions

with a common denominator).

—-2/5
e BothZ and !

1022/5 are correct answers.

(6 i(u) = i(1u1) =(DMul"t=1u" =11
du du

Notes: 1u! = u and u®

1.



i _i 1/2_£ 1/241/2
@ - (VID) = - ()" = o (21/21/2)

(1 (21/2)¢1/2-1 21/2 1/2
= (=) (2v/2)et/2-1 = 2 ¢~
5) ;
_ 91/2-1;-1/2 _ 5-1/2,-1/2 _ 1 1
21/2{:1/2 (21—)1/2
1 1 V2t V2t
Vit Vzivar Lt

Notes:
o (2t)1/2 = 21/2¢1/2 pecause (cx)™ = c™x™.

( )(21/2) _ ﬂ — 21/29-1 — 91/2-1 — 9-1/2

because xmx” = xmtn
1 1 2 1-2 1 .

¢ -—1=-—-=-— = ——(subtract fractions
2 2 2 2 2

with a common denominator).



PR 1 1 [
o 271/2¢-1/2 andﬂare all correct

' 21/2¢1/2" o7

o
answers. However, only the answer — has a

: : - 1
rational denominator. We multiplied NeT; by

7z 0 order to rationalize the denominator.

Note that V2tV2t = 2t because Vxvx = x.

S c?_x(%) B ddx( 1/2) (x—l/z)
— c?_x(lx_l/z) — (_ E) (1)x~1/2-1

x~3/2 1 1

1 - — — — — —
B (_ E) (Da™ = == o = 2xVx
1 Vx| Vx

C2xvx Vx| 2x2




Notes:

Jx = x1/?
x11/2 = x~1/2 because x ™" = xin
x3/2 = x1x1/2 = x/x because x™*" = x"Mx"
Vavx = x.
x~3/2 1 1 Vx
T T i T and — .z are all

correct answers. However, Ol’lly the answer

x : :
ey has a rational denominator. We

multiplied — by \/\C in order to rationalize

x\/_
the denominator.



Part B

d
O — (x> +4x% —3x + 2)

dx
d d d
= (5x%) + —— (4x?) = —(3x)
22
dx
=BG+ 2)@Wx* T = (DR +0
=[15x% + 8x — 3
Notes:

a _d 1\ _ 1-1 _ 2.0 _

° — (3x) = — BxH)=1)R)x  =3x"=
because x* = x and x° = 1.

) ;—x (2) = 0 because the derivative of a constant

1S Zero.
d d d
O —1-w=—0)-—@w=0-1=[1

Notes:

. % (1) = 0 because the derivative of a constant
1S Zero.
a _ 4,1y 1-1 _ 1,,0 _

* — (w) = - (lu) =D)Du""" =1u’ =

because 1u!l = uand u° = 1.



d
— 3/2 1/2
@ T (4x + 12x )

= @) (4)x3/271 4 (%) (12)x1/271
12 12

O Y 7 Rt W
= —x/"+—=x
2 2
1/2 ~1/2 1/2 6 6
= 6x/2 +6x712 =pxV2 + — = 6x + —
x1/2 Jx
6 Vx 6Vx
= 6VX + ——m = |6y + ——
Vxx X
Notes:
o2 _1=2_2=332_1 (subtract fractions
2 2 2 2 2
with a common denominator).
1 1 2 _ 1-2 1 .
e ——1=-—-=—=——(subtract fractions
2 2 2 2 2
with a common denominator).
-1/2 1 - _ 1
o x~1/ = —; because x™" = —.

o x1/2 =[x,



o 6xY2% 4+ 6x~1/2 6x1/2 4 6/x +— and

1/2’

6vx
6Vx + ——are all correct answers. However,

only the answer 6vx + % has a rational

denominator. We multiplied \/6; by g in order

to rationalize the denominator.

d 1\ d
. _ | = 1/2 _ 4-1
® (‘E t) ALY
d
_ 1/2 _ 14-1
dt(lt 1c71)
1 1/2-1 —1-1 2 —2
- (E) W7 = (D == ()
t=1/2 1
— -2 — -2
=+t =+t




Notes:
1
t = ¢1/2 and; =t~ 1

e —(—t™%) = t~* (two negatives make a

positive).
1 1 2 1-2 1 :

e —— 1 =-—-=— = —=(subtract fractions
2 2 2 2 2
with a common denominator).

e —1—-1=-2

£—1/2 _2 _y Vi

® » +t 1/2+t ﬁ+—ad +—are

all correct answers. However, only the answer

t 1 . .
£ + > has a rational denominator. We

Vi
multiplied 7 by 7 in order to rationalize the

denominator.



2 THE CHAIN RULE, PRODUCT RULE, AND
QUOTIENT RULE

If f(u) is a function of one variable u, and if u(x) is itself a function of a
second variable x, then the chain rule may be applied in order to find
a derivative of the function f(u(x)) with respect to the second variable

| df _df du
dx ~ dudx

Note the following:
* f(u) is called the outside function.
* u(x) is called the inside function.
» The chain rule basically states that df/dx equals the product of
the derivatives of the outside function (df/du) and the inside
function (du/dx).
* The chain rule is often helpful when taking derivatives of
functions like these:
d d d 1 d
E(Sx— 2)%°0 a\/sz +1 prop sy asm(ﬁlxg +3)
The product rule allows you to take a derivative of two different
functions, f(x) and g(x), of the same argument (x), when the functions
are multiplied together'
df

(fg) =97 f

The quotient rule allows you to take a derivative of two dn‘ferent
functions, f(x) and g(x), of the same argument (x), when the functions
are being divided:




d (f):g%—f?i—g

dx\g g>

The product rule is useful when taking derivatives like these:

d d d
o (2x +3)%(x%2-1)°> , Tr (5x2 —2)v8x+3 , —x3sin(2x)

dx
The quotient rule is useful when taking derivatives like these:
d x*+4 d +x d tan(4x)

dx x —3 ~ dx3x—4 ~ dx x



Example: Perform the following derivative with respect to x.

% (2x%? —5)°
It would be tedious to multiply (2x% — 5) by itself
multiple times. The chain rule lets you avoid
multiplying (2x2 — 5)° out. We will make the
following definition in order to apply the chain
rule:

u=2x%-05

Now the problem looks like this:

d
fw) =v> , ulx)=2x?>-5, d_£:?
Apply the chain rule:
df dfdu

d d
o~ dear |z @)l @ -9
= (5u*)(4x) = 20xu*
Substitute u = 2x* — 5 into the previous
expression to complete the solution:

d
af = 20x(2x% — 5)*
dx



Example: Perform the following derivative with respect to t.

rA(GRD

dt
We will make the following definition in order to
apply the chain rule:
u=1t>—8

Now the problem looks like this:

f=vu=u"? , ul®)=t>-8 , CZ ?

Apply the chain rule:
df df du )
/2 3
dt dudt [du (v )] [d (&~ 8)]

1 3t2y~1/2  3t2

2 2ul/?
df  3t*
dt  2Vu
Recall that z™" = Z—nsuch thatu™1/2 = ul/Z Also

recall that u'/%2 = v/u. Substitute u = 3 — 8 into

the previous expression to complete the solution:
df  3t* 3t?

dt  2vu  2Ve3—8




Example: Perform the following derivative with respect to x.
d
—(Bx*—=7)(2x3 - 6)
dx
We will make the following definitions in order to

apply the product rule:

f(x)=3x*-7 , glx)=2x3-6
Now the problem looks like this:

fx)=3x*-7 , glx)=2x3-6

d
dx (fg) =
Apply the product rule:
df
(fg) =95 f

= (Zx3 —6) ;—x(3x4 — 7)-

+ (Bx* = 7) i(2x ~6)

= (2x3 —6)(12x3) + (3x — 7)(6x2)
= 24x% — 72x3 4+ 18x° — 42x?
= 42x% — 72x3 — 42x°2




Alternatively, this example could be solved
without applying the product rule, by multiplying
(3x* — 7)(2x3 — 6) before taking the derivative:

4 (3x* = 7)(2x3% - 6)
dx

d

= —(6x7 — 18x* — 14x3 + 42)
dx

= 42x% — 72x3 — 42x*



Example: Perform the following derivative with respect to x.

d x*+3x>—-6
dx x?+1
We will make the following definitions in order to
apply the quotient rule:
f(x)=x*+3x?—-6 , gx)=x*+1
Now the problem looks like this:
fx)=x*+3x*—-6 , gx)=x*+1
(5=
dx \g

Apply the quotient rule:

1({) 9L
dx \g g*
(2 + 1) [ (x* + 3x% = 6)] — (% + 322 — 6) [ (&2 + 1)]
(x% + 1)=
C(x® + 1D)(4x3 + 6x) — (x* + 3x% — 6)(2x)
B x*+2x%+1
4x° + 6x3 + 4x3 + 6x — 2x° — 6x3 + 12x
N x*+2x°+1
| 2x° +4x° + 18x
o oxt 4+ 2x2 41




Chapter 2 Exercises

Directions: Perform each derivative with respect to the indicated
variable.

Write your solutions down on a piece of paper. You can find the full
solution to each problem at the end of this chapter.

Part A



d
@ —(x3>—3x*+4x-5)°% =
ax

d 1

® —
dt\/5t2 — 3t + 6

O - (422 — 6)Vx =
dx

d 3 —2x°

° dx 4 — 3x2 -

Part B



9 ddx (x3 1435) B

(6) i(4 +x)°(2 — x)° =
dx

d
0 4 (Vir+9)=
o d x*

Part C



d
O —(2x°/2 - 8x%2)" =

d x?+3x—4
(10] =
dx 2x+5

d
(12 E(z}tz —9)(t*+ 8t —-3)° =




Chapter 2 Solutions

Part A
d
O —(x°—3x*+4x-5)8 =7
dx
Apply the chainrule: u =2x3—3x%+4x—5
df
— 48 — 9
f=u® , il
df dfdu [ 8”
= = [— W] [=(x® - 3x% + 4 —5]
dx dudx @) (x? * * )

= (Bu”)(3x?% — 6x + 4)
8(x3 — 3x%+4x —5)7(3x* — 6x + 4)




d 1
=7

dt\52 —3t+6
Apply the chainrule: u =5t? — 3t +6

- =y~ /2 a _,
Vu ul/? o dt
df dfdu d , _ ..][d
= = |— (u™Y2)||—(5t? - 3t + 6
dt  dudt [du(u )] [dt( +6)
1
= (—Eu_3/2) (10t - 3)
. 106-3 10t — 3
2u3/2 | 2(5t% — 3t + 6)3/2
Notes:—l—lz—l_zz*1*2:_§andu—3/2:
2 2 2 2 2

1
u3/2"




d
® —(4x* - 6)Vx =7
dx
Apply the productrule:  f(x) = 4x% —6

gx) =vx=xZ , ;—x(fg)=?

d _df  dg
a(fg) =9 -t/

(Y

d

dx
1

= x2(8x) + (4x? — 6) (Ex‘l/z)

= 8x1/2x 4 2x2x1/2 — 3x~1/2
= 8x3/2 + 2x3/2 — 3x~1/2 = 10x3/2 — 3x~1/2

= x1/2 l% (4x% — 6)] + (4x2 - 6) ( xUz)

3 3
— 3/2——: 3/2——
10x 172 10x \/}

3Vx 3vx
= 10x3/2 — —— =|10xVx — —




Notes:
1 1 2 1-2

o — — — _— — _- = —_—,—,—
2 2 2 2
with a common denominator).

1/251 — x3/2 pecause x! = x and

= — % (subtract fractions

o x1/2x =
KMyt = xmtn

o x2x~1/2 = x3/2phecause xPx~4 = xP4,
e Going from (4x* — 6) (%x‘”z) to 2x%x~ Y2 —
3x~1/2, distribute according to (r + s)t =

rt + st withr = 4x%, s = —6, and t = %x‘l/z.
3/2 _ 1/2. 3/2 _ 35 3/2 _ 3
e 10x 3x~ /%, 10x x1/2’ 10x N
10x3/%2 — ;/_ and 10xvVx — T\/_ are all correct
.\/_
answers. We multiplied = N by e in order to

rationalize the denominator. In the last step,
we used x3/2 = x1x1/2 = xx1/2 = x/x.



92
o d 3 —2x s
dx 4 — 3x2

Apply the quotient rule:  f(x) = 3 — 2x?
d
gx) =4-3x% , —(i)z?

dx \g
af dg
d (f\y 97~ f 3y
E( ) dxgz
(4 -3 [ 1o (3 - 2x)]| - (3 - 2x2) [ (4 — 3xD)]
] (4 — 3x2)?

(4 — 3x2)(—4x) — (3 — 2x2)(—6x)

T 16— 12x2 — 12x2 + 9x*
—16x + 12x3 + 18x — 12x°
B 16 — 24x2 + 9x*
2x

16 — 24x% + 9x*
Notes: —(3)(—6x) = 18x and —(—2x%)(—6x) =
—12x3.




Part B

d 1
— 7
® dx (x3 — 4x) |
Apply the chainrule: wu = x% — 4x

1 df

f_—= - =7
d df d
i d£ dz [_ (u_l)] [ (e = 4)
2 __
= (—u?)(Bx*—4) = — 3= > Y
u
C—(Bx?—4) -3x*—(-4) |-3x*+4

o (x3—-4x)2 (k3 -4x)2  |(x3 —4x)?

Note thata (u™!) = —u"? because -1 — 1 = —2.




d
O —“@+x)°2—-—x)° =7
dx
Apply the productrule: f(x) = (4 + x)°

d
gx)=2—-x)° , 9 =7

d _df
9= gaﬂf—

= (2 -2 [—(4 +0°| + (4 +x)9[—(z - 07|
dx dx
Now apply the chainrule: uw=4+x

f=u , v=2-x , g=v°
d df du dg dv
_ — — 512"~ 9
(fg) (2=x) [du dx (44 x) {dv dx

= @05 [ ) - (44 )|

d d
+ (4 + x)° [% (v°) &(2 — x)]
= (2 —x)°[(9u®)(D] + (4 + 0)°[(Gv*)(-1)]
=9u®(2 — x)°> - 5v*(4 + x)°
94 +x)8(2 —x)> =54+ x)°(2 — x)*




Although 9(4 + x)8(2 — x)> =54 + x)°(2 — x)*
is a correct answer, if you want to be fancy, you
could factor out (4 + x)3(2 — x)* as follows:

94+ x)8(2—-x)* =54 +x)°(2 —x)*
=(4+x)82 —-x)*9(2 - x) —5(4 + x)]
= (4 +x)8(2 —x)*(18 — 9x — 20 — 5x)
=4+ x)%@2 —x)*(-2 — 14x)
=4 +x)°2-x)*"(-1)(2 + 14x)
= -4 +x)%(2 - x)*(2 + 14x)

Note:
e - 5(4+x)=-5(4)—5(x) =-20—5x (the
minus sign gets distributed).

o (—2—14x) =(-1)(2+ 14x) = —(2 + 14x),
where again a minus sign gets distributed.



d
2 _
7] dt( t2+9) =2
Apply the chainrule: u =1t%*+9

df
— — 1,1/2 — 9
f=vu=u , ik

df df du a ., ] [d ]
—_ . /2 . 2
dt  dude [du W)| |7z @ +9
1 2t t t
— (Z=q—1/2 ? = = =
(2 " ) (2¢) 2ul?2 i 2+ 9
t  Vt2+9 [tVt? +9

V2 +9ViZ+9 [ 249

Notes:

1 1 2 1-2 1 .
o o—l=c—C=—=—3 (subtract fractions

2 2 2 2
with a common denominator).

t tvVt2+49 tvVtZ+49
and are both correct, but
V249 t2+9 ’ t2+9

has a rational denominator.




d «x*

5, =7
dx/x2 + 4
Apply the quotient rule:  f(x) = x*
d
gx) =+/x4+4 —(i) =7
dx \g
df _dg
40 9~/ dx
dx \g g’
Vx2 + 4 [ix‘*] — x* [i\/xz + 4]
dx dx

(Va2 + 4)2
VX T A4x?) — x* ("7 T 4)

x? + 4




Now apply the chainrule: u = x? + 4
= VU = ul/?

dg du
3 2 _
dx°>Vx++4 —x (dudx)

x%+4
d d
_ 4x3vVx? + 4 — x* {% (ul/z)ﬁ(xz + 4)]
x?+ 4

- 4x3vx? + 4 — x* [(%u_l/z) (Zx)]

x%+4
_ AxPVx? 44— xPuT/?
- x% +4
 4a3VxZ F 4 — x5 (x% + 4) 12
- x? +4
= 4x3(x% + 4)7V2 — x3(x% + 4)73/2
4y x® CAxP(x® +4) —x°
(x2 +4)1/2 - (x2 +4)3/2 ~  (x2 + 4)3/2
3x° + 16x3
(x? + 4)3/2




Notes:

e In the second to last line, we distributed:

atB _ AL B _ gc1 -1
—=24-=ACT'+BC

o VxZ +4(x*+4)7t = (k2 + 42 (x2 +
4)~1 = (x? 4+ 4)~1/2 according to xMx™" =
x™* Similarly, (x? + 4)"2(x%2 + 4)71 =

(x2 +4)73/2,

o 4x3 _ 43 (x2+4):4x3(x2 +4) _
(xZ2+4)1/2  (x2+4)1/2 (x2+4) (x2+4)3/2
4x°+16x3

(x2+4)3/2



Part C
d 6
— (2x5/2 = 8x3/2)> =2
@ dx( X X )
Apply the chain rule: u = 2x°/2 — 8x3/2

af
= ub —_ =7
f=ur dx
df dfdu d __1r1d 5/ » ]
= =2 = | )| | (297 - 8a2)

5 3
= (6u5) [(E) (2)x3/2 _ (E) (8)x1/2]
= (6u®)(5x%/2 — 12x1/2)
6(2x5/2 — 8x3/2)5(5x3/2 — 12x1/2)




2 —
o d x*+ 3x 4=?
dx 2x+5

Apply the quotient rule: f(x) = x? +3x — 4
d
glx)=2x+5 , —(£)=?

dx \g
df _dg
1({);@@‘%
dx \g g°
(2x+5)[6?—x(x2+3x—4)]—(x2+3x—4)[%(2x+5)]
- (2x + 5)2

_ @2x+5)(2x+3) — (x* +3x — 4)(2)

4x2 + 10x + 10x + 25
_4x2+6x+10x+15—-—2x2-———6x—|—8

4x2 + 20x + 25
2x% + 10x + 23
4x2 + 20x + 25

Note: Distribute the minus sign in
—(x?+3x—4)(2) to get (—x% — 3x + 4)(2).




d
D — 2+Vx=7
dx

Apply the chain rule:
u=2+vVx=2+x% |, f=+u=ul’?
a _,
dx
df df du d . d
_ = | & v || E (2 4 412 ]
dx dudx [du (u )] [dx( x )
1 1 1
_ (2., -12\ (2. -1/2\ _ =, —1/2,.-1/2
(2“ )(zx ) gt
3 1 I T S 1
T Ayl/2e1/2 T 4\/5\/;_ 4\/5\/5_ ax /—2+\/§
1 1

4\/%,(2_'_\/;) _4\/2x+x\/§

B 1 \/Zx-i—xx/E_ J2x + xvx
a2+ xvx2x +avx 4(2x + xvx)
V2x + xvx (2x — xvx)
B 4(2x + xvx) (2x — xvx)




B (2x — x\/f)\/Zx + xvx
- 4(4x2 — x2/xVx)

(2x - xﬁ)\/Zx + xvx (any of the last 8 steps)
4(4x?% — x3) iS a correct answer

d
1) d—t(4t2 —9)(t* +8t*—-3)° =7
Apply the productrule: f(t) = 4t*—9

d
g(t) = (t*+8t*-3)° , - (fg) =7

d _df _dg
E(fg) —gaﬂca
d
= (t* + 8t? — 3)° [E (4t% — 9)]

+ (4t% —9) {% (t* + 8t% — 3)9]

= (t* + 8t% — 3)%(8t)
+ (4t%> —9) {% (t* + 8t% — 3)9]



Now apply the chainrule: u =¢t*+8t% —3

g=u
%(fg) — (86)(t* + 82 — 3)% + (4¢2 — 9) [d—gd—“]

du dt
= (8t)(t* + 8t% — 3)°
+ (4¢2 = 9) [% W) % (t4 + 8¢2 — 3)]

= (8t)(t* + 8t% — 3)°

+ (4t%2 — 9)[(9u®) (4¢3 + 16¢)]
= (8t)(t* + 8t* — 3)° + 9uB(4t3 + 16t)(4t* — 9)
=|(8t)(t* + 8t%2 — 3)° + 9(¢t* + 8t% — 3)8(4t3 + 16t)(4t* —9)
Although
(8t)(t* +8t%> —3)? +9(t* + 8t% — 3)%(4¢3 +
16t)(4t% — 9) is a correct answer, if you want to
be fancy, you could factor out (¢* + 8t% — 3)% as
follows:




(8t)(t* + 8t? — 3)?
+ 9(t* + 8t% — 3)8%(4t3 + 16t)(4t* —9)
= (t* + 8t% — 3)®[(8t)(t* + 8t* — 3)
+9(4¢t3 + 16t)(4t% —9)]
= (t* + 8t% — 3)8[8t> + 6413 — 24¢
+ 9(16t°> — 36t3 + 64t3 — 144t)]
= (t* 4+ 8t — 3)8[8t> + 64t3 — 24t
+ 9(16t° + 28t3 — 144¢t)]
(t* + 8t% — 3)3(8t> + 64t3 — 24t + 144¢>
+ 252t3 — 1296¢)

(t* + 8t% — 3)8(152t° + 316t3 — 1320¢)




3 DERIVATIVES OF TRIG FUNCTIONS

The derivatives of the basic trig functions are:

4 0= 7 d g = in @ d tan @ = 20
dgsm = cos , dBCDS — —sin - an @ = sec
d
[ = — JE— = R = — 2
70 csc B cscBcotf dgsecf? secBtanf dBCOtG csce @

The derivatives of the inverse trig functions are:

d
asin_l(x) = N where x| <1 acos_l(x) = Nep where |x| < 1
d tan1(x) 1 d 100 -1
—tan 1{(x) =—— , —cot™i(x)=——
dx 1+ x2 dx 1+ x2
asec_l(x) =

d -1

——— where |x| >1 , —csc 1 (x) =———— where [x|>1
|x|VxZz —1 dx lx|Vxz —1

Recall the following trigonometric relations and identities:

tan @ sin @ 9 1 0 1 ‘o 1 cos®

ang = , €scd=—— , secO= , cotfd = = —

cos d sinf cosf tanf sind
sin?f +cos?0 =1 , tan’8+1=sec’d , 1+cot?f =csc*6

sin28 = 2sinf@cos® , cos20 = cos?8 — sin® 4@




Example: Perform the following derivative with respect to theta.

d4' 30
70 sin

We will make the following definition in order to
apply the chain rule:

u =30
Now the problem looks like this:
d
fu) =4sinu , u(@) =30 |, éz ?

Apply the chain rule:
df df du d _ d
6 dudd {E (4sin “)] [E (39)]
= (4cosu)(3) =12cosu = 12 cos 36




Example: Perform the following derivative with respect to theta.

@2 cos> 0

We will make the following definition in order to
apply the chain rule:

u = cosf
Now the problem looks like this:
d
fw) =2u> , u(@) =cosh , d_j;Z?

Apply the chain rule:
df dfdu [d . .1(d
460 dudo [E(Zu )] [E (COSQ)]
= (6u?)(—sinf) = —6u?sinb
= —6c0s* 6 sin 6




Example: Perform the following derivative with respect to theta.

a0 secltanf
We will make the following definitions in order to
apply the product rule:
f(@) =sec8 , g(6)=tand
Apply the product rule'
df
(fg) =975 f

d d
= tan @ (d_H sec 9) + sec @ (d—gtan 9)

= tan O (secH tan O) + sec @ (sec? )
= tan? 8 sec 8 + sec3 0



Example: Perform the following derivative with respect to theta.

d 1+sin@

d6 cosb
We will make the following definitions in order to

apply the quotient rule:
f(0)=1+sin8 , g(@)=cosb

Apply the quotient rule:
df .dg
4 (i) _9a6 'as
do \g g*
cos® [f—g (1 + sin 9)] — (1 +sin@) (% COS 9)
B cos? @
_cosf (0+cosf)— (1+sinB)(—sinb)
B cos? 6
_ cos?*f — (—sin @ — sin* §)
B cos? 6
B cos? 0 + sin @ + sin“ 6 _1+sin6
B cos< 0 ~ cos20

(because sin”® 0 + cos? 0 = 1)



Example: Perform the following derivative with respect to x.

d
—4tan" 1 (x3)
dx

We will make the following definition in order to
apply the chain rule:
u = x3
Now the problem looks like this:
af
=4tan"tu =x3 =7
flu) an~'u ulx) =x T
Apply the chain rule:
d df du
f_4 [—( tan~ u)] [— (x3)]
dx dudx

12x7?
_ 2
(1+u)( ) = 1+ u?
12x2 12x2

T1+ (3?2 1+x°

Note that (x3)2 = x®3)(2) = x6 according to
(xm n — mn.




Example: Perform the following derivative with respect to x (where x
isn’t equal to —1 or +1).
d -1
—sin~ x COS X
dx

We will make the following definitions in order to

apply the product rule:
-1

f(x)=sin"tx , gx)=costx
Apply the product rule:
d df dg
gD =9,+f
= cos” (— sin 1x)
+sin 1 x (— cos™ 1 x)
(=) + st (=)
=cos 1x sin™
1 — x2 V1 — x2
cosx sinlx cos lx—sinlx

_v1—x2 v1—x2 V1 — x?



Chapter 3 Exercises

Directions: Perform each derivative with respect to the indicated
variable.

Write your solutions down on a piece of paper. You can find the full
solution to each problem at the end of this chapter.

Part A



d
(1] E7tan59 =

d
— 1 4. f—
® dQBSm 0

d
(3] Ecsc@sec@ =

d sinf + cos @
9d9 sin @ B

Part B



d
- 2 -_ —
5 T cos(62 — 20 + 4)

d
(6) EZ cotVl =

d
OE(QSIHQ)—

d .
(8 E\/l—l—smé’ —

Part C



d
® —Gintx+cos™tx) =
dx

d sec™lx

(12 —

dx x




Chapter 3 Solutions

Part A
d
o %71:811 560
Apply the chain rule:
u =56 f=7tanu ﬁ=7
’ ’ ag
df df du d d
7= auqs = |z 750 |55

= (7sec®?u)(5) = 35sec?u
=|35sec?(56)

Note: As usual, the constant coefficient simply

d d
comes out: — (7tanu) =7 — (tanu).



d
® —3sin*o

do
Apply the chain rule:
df
=sinf , = 3u* — =7
u = sin i u 70
df dfdu

d d
-2t [ eno)
A0~ dudo [du Bul)||gg Sin®)
= (12u®)(cos 0) =|12sin3 O cos
Note: It is instructive to compare this solution to

the previous solution.

d
(3] @CSCQSGCQ

Apply the product rule:

f(@)=cscd , g(@)=secH |, %(fg):?

d _df  _dg
@(fg)—gd—g+f@

d d
= sec@ (@ CSC 9) + csc 8 (d_Q sec 9)

= secH (—cscHcotf) + csc O (secH tan H)
= —secO cscBcotf + cscOseclHtanb

=secOcscH (—cotf + tan9)



1 ( cos @ sinQ)

= . : +
cos @ sin @ sinf cosé@
-1 cos 6 N 1 sin 6
~ cosOsin@sin®  cosOsinf cos B
! + - 20 + sec?d
= — — — = | — CSC SecC
sin?@ cos?6
Notes:
in @
e csc = ——,secl = ,tant9=smL ,and
sm% cos @ cos @
cotf = C(_)S .
sin @ .
e secfcscl (—cotf +tand) and ———+
sin< @

1
cos2 @’

are also correct answers.



d sinf + cos @

@ do sin @
Apply the quotient rule:
f(0@) =sinB +cosf , g(O)
= sin 8 i (i) =7
" dO\g)
df _dg
L (L) 2a8 /3o
dé \g g*
_ sin @ [% (sin 8@ + cos 9)] — (sin @ + cos @) (ddT? sin 9)
sinZ g
_ sinf (cosf —sin @) — (sin O + cos B)(cos 0)
B sinZ @
sin 0 cos @ — sin® 8 — sin 0 cos @ — cos* O
B sin‘ @
—sin% 6 — cos? 6 1 75
= = — = |—csc
sin? @ sin @
Notes:
) —(sm@ + cosf) = —Qsme + —Bcosﬂ =

cos @ —sin@.

. 1
e sin“8 +cos?9 =1andcsch = —.
sin @




Part B

d
® —cos(6?—-20+4)

do
Apply the chain rule:
uU=60°-20+14 f =cosu ﬁ:?
) ) de '

15 = s~ L > [75 @ =20+ 9]

= (—sinu)(26 — 2)
= —(26 — 2)sin(6? — 260 + 4)
=|—-2(8 — 1) sin(6% — 26 + 4)
Note that 260 — 2 = 2(6 — 1). We factored out
the 2.




d
(6] @Zcot\@

Apply the chain rule:
d
u=vV0=0v2 |, f=2cotu |, _f:?

df_dfdu_[d ,
d8 dudf ldu

1
= (=2 csc?u) (E 9‘1/2)

s 1\ 2csc2u_ csc? u
- et ”'(291/2) Y EV - FVF.

cscZ+/6 B (csc2 \/5) Vo
NG R ARL]
VO csc?/60 Vo

Y 0 sin2 /0




Notes:

-1/2 _ -m _—
°« 071/ 91/2 accordingtox™"" =

e VOO = 0.

__csc? VO  csc2Vo and — VO csc?+/8 are all
g1/z2 ’ Vo ' 6

correct answers. However, only the answers

@csczx/_ and — Vo
0 0 sin2 V6@

xm’

have a rational

csczx/gb E
vo Vv

order to rationalize the denominator.

denominator. We multiplied —

e cscfl = :
sin @

e Note that csc? V8 doesn’t simplify to csc 6.



d .
(7] d—9(9 sin 8)
Apply the product rule:
d
fier=6 , (9) =sinf —(fg) =7
df
(fg) 957t d_Q
= si e(d 9)+9(d 0)
= sin 70 T sin
= (sin8)(1) + 6(cos B)
=|sinf + 6 cos O

d : d
Note that =8 6 = 1justas X = 1. In more steps,

— (1t = (D(Wxtt =20 =



d
®©® —V1+sind

do
Apply the chain rule:
d
u=1+sin8 , f=+u=u"?, %z?

(8 o] o)

1
= (E u‘l/z) (0 + cos )

( 1 ) cos @ cos @ cos @
2ul/2 2ut’2 2\u 21 +sin6

cos 6 \/1+sin9_ cos 81 + sin b

 2J1+sin@vVI+sing | 2(1+sin6)




Part C

(9] 4 3 cot™1(4x)

dx
Apply the chain rule:
d
u=4x , f=3cot™tu , di ?
df df du 1
dx ~ du dx [_ (3 cot™ u)] [E (4x)]
—12
(1 + u? ) (4) = 1+ u?
—12 —12

T 1+ (4x)? |1+ 16x2
Note that (4x)? = 4°x? = 16x? according to
(ax)™ = a™x™.




d
M —xcsclx

dx
Apply the product rule:
d
fx)=x , gx)=csc'x , ) =7
d df  dg
VD=9 +f
=csc1x (ix) + x (i csct x)
B dx dx
—1
= (csc™1x)(1) + x ( )
lx|Vx2 —1
X
=|csc™tx — rovided that |x| > 1
xVaZ—1|
P —1
® —(Gintx+cos™tx)
dx
d 1y, d 1
— —SIn X — COS X
dx dx
1 —1

= ¥ =0
V1 —x2 V1 —x2




d seclx

dx x
Apply the quotient rule:
d
fx)=sectx , gx)=x , a(g) =7
df dg
40y Lds S de
dx \g g*

_ X [c?_x (sec™? x)] — (sec™1x) (C?—xx)

x 2




X (IxI\/xlz = 1) — (sec™1x)(1)

22
X 1

— sec”
_lxlVxz =1

xZ

— (lxI\/; = sec™ ! x) (x—lz)

-1

X

1 sec

x|x|Vx? -1 x?

1
Note that x—}; = Also, note the absolute values on

X

where |x| > 1

. d 1
x| (the absolute values in —sec™ 1 x =
lx] ( dx lx|VxZ-1

reflect that a graph of secant inverse has a positive
slope for all possible values of both x > 1 and
x<1).




4 DERIVATIVES OF EXPONENTIALS

The derivative of the basic exponential function is:

ieax — qe?*
dx

Two simple cases correspond to setting a equal to +1 or —1:

a . x d
—eT =€ —e
dx " odx
Numerically, Euler’'s number is e = 2.718281828... Recall the
following properties regarding exponentials:

eXtY = eXe¥ eX Y = eXe VY

—X —X

= —e

)

1
e X = , (ex)a, — paX , 80 =1
eX
The hyperbolic functions are defined in terms of exponentials:
- e* —e™ b e* +e*
SINN X = cosSnx =
2 ’ 2
sinhx e*—e™*
tanh x = =

coshx eX¥+e™
Note the following properties regarding hyperbolic functions:
cosh?x — sinh2x = 1
cosh(—x) = cosh(x)
sinh(—x) = —sinh(x)



sinh0=0

cosh 0 =1

tanh0=0
The derivatives of the hyperbolic functions (not the ordinary trig
functions) are:

d
—sinhx = coshx , —coshx = sinhx
dx dx
d ) 1
atanhx = sech“ x = oshZ %




Example: Perform the following derivative with respect to x.

2

—3e”*
dx
We will make the following definition in order to
apply the chain rule:
u = x?
Now the problem looks like this:
af
= 3e% |, = x% = ?
f(u) e ulx) =x e
Apply the chain rule:
d df du
Lo e[ (xZ)]
dx dudx

= (3e*)(2x) = 6xe* = 6xe*’



Example: Perform the following derivative with respect to t.

d

—tcosht
dt

We will make the following definitions in order to
apply the product rule:

fe)y=t , g(t) =cosht
Apply the product rule:

d df  dg
E(fg) =9I
= ht(dt)-l-t(d ht)
= cosht |~ 77 COS
= (cosht)(1) + t(sinht) = cosht + tsinht

Note that the derivative of hyperbolic cosine,

d . . ..
— (cosh x) = sinh x, is positive, whereas the

. : . d . .
derivative of ordinary cosine, ——C0sx = —sinx, is

negative.



Example: Perform the following derivative with respect to x.

d2+e ¥
dx e3*
. 1 _ . .
By realizing that = = e 3% we can rewrite this
derivative as:
d2+e?* d
dx  e3*  dx (2 + e™)e™]
We will make the following definitions in order to
apply the product rule:
fx)=2+e2%* , gx)=e3*
Apply the product rule:
df
(fg) =95 f

d d
=2+ e‘zx)—e_3x + 6_3‘”—(2 + e~%%)
dx dx

=2 +e ) (=3e ) + e73%(0 — 2e7%%)
= (2)(=3)e 3% + e72*(=3)e 3% + ¢73¥(=2)e~#*
= —6e7 3% — 37 — 27 = —pe 73 — 5g¥



Note the following:

d _ _ d
e —e ¥ = —2e %" and —e3* = 3e3*
dx dx
. d
according to Eeax = ae?,

L . d
e A derivative of a constant is zero: — (2) =0.

o g XT3 = 2X=3X = o=5X 3ccording to
ereY = e*tYV,
—6e3*¥—5e*¥  pe3X+5e¥ h . .

o o pree (the minus sign

distributes), and —6e ~3* — 5e~>% gre all
correct answers. It's just a matter of
preference.



Chapter 4 Exercises

Directions: Perform each derivative with respect to the indicated
variable.

Write your solutions down on a piece of paper. You can find the full
solution to each problem at the end of this chapter.

Part A



Part B

d
—sinht ht =
(3) —-sinh ¢ cos

d )
(4] asmh[cosh(x)] =



d

® —tanhx =
dx

d 5 oty _
@E(tﬁ’)—

d

— /1 —X —
dx\/ + e

d 1—Sinhx_

(8] =

dx sinhx



Chapter 4 Solutions

Part A
d
—x(4ex2 — 6e** +9)
d 5 d d
= —(4e*") — —(6e™) + —9
x( ) dx( ) dx
= 8xe* — 24e?™ + 0 = |8xe*” — 24e*
Notes:
. % (4ex2) = %(48“) where u = x2. Apply the
chain rule with f = 4e%* and u = x*:
df _dfdu _[d d
dx dudx [du (4eu)] (dxx )
= (4e%)(2x) = 8xe¥ = 8xe*”

Therefore, £(4ex2) = 8xe*”

. —(68‘”) =6— (e‘l“x) = 6(4e*¥) = 24e**

d
according to — e = qe?*,

L . d
e A derivative of a constant is zero: - (9) = 0.



d
® —4cosh3x

dx
Apply the chain rule:
df
u=coshx , f=4u® , —?
df dfdu 5
= dids = g ) (—“’Sh"f)

= (12u?)(sinh x) = |12 cosh? x sinh x
Note that the derivative of hyperbolic cosine,

d : . .
= (cosh x) = sinh x, is positive, whereas the

L. . . d . .
derivative of ordinary cosine, —,C0SX = —sinx,is

negative.



d
€ —sinhtcosht

dt
Apply the product rule:
d
f(t) =sinht , g(t) =cosht , a(fg) =?

d . df _dg
a(fg) —QE'HCE

d d
= cosht (— sinh t) + sinh t (— cosh t)
dt dt

= cosh t (cosh t) + sinh t (sinh t)
= |cosh? t + sinh? t

Notes:
e The answer doesn't reduce to 1. Compare the
hyperbolic identity, cosh? x — sinh? x = 1, to
the ordinary trig identity, cos? x + sin? x = 1:
Note the minus sign in the hyperbolic identity.
¢ Note that the derivative of hyperbolic cosine,

d : . .
- (cosh x) = sinh x, is positive, whereas the

- . . d
derivative of ordinary cosine, S, CosX =

— sin x, 1S negative.



(4] 4 sinh[cosh(x)]
dx

This is not a product of hyperbolic functions.
Rather, hyperbolic cosine is inside the argument
of hyperbolic sine. This is a chain rule problem,
not a product rule.

Apply the chain rule:
u = coshx f = sinhu df =7
' ’ dx
df df du d d
dx ~ dudx (E sinh u) (ﬁ cosh x)

= (coshu)(sinh x) = sinh x cosh u

= |sinh x cosh[cosh(x)]

Note that cosh[cosh(x)] has cosh(x) inside of its
argument. This isn’t multiplication. Also, note that

. . . d
the derivative of hyperbolic cosine, — (coshx) =
sinh x, is positive, whereas the derivative of

. . d . : .
ordmary cosine, a COSX = —sInx, 1S negative.



Part B
d

® —tanhVx
dx
Apply the chain rule:
df

u=+x=xY? , f=tanhu , a=?

df df du d d

— - | — h (_ 1/2)
dx dudx (du tan u) dxx
1 1
= (sech?u) (E x'l/z) = Ex_l/z sech? u

B sech? u B sech? u B sech? u+x B Vx sech? u
Co2xV2 2 x 240x x 2
B Vx sech? Vx B NE

2x 2x cosh? Vx
Notes:
1 1 2 1-2 1 .
e —-—1=-—-=— = —=(subtract fractions
2 2 2 2 2
with a common denominator).
1 n 1

— —1/2
Ay because x —

e \Vxvx = x.



2 2 2
. lx—l/z sech? v/x, sech \/EJ sech \/ij/fsech \/E,
2 2x1/2 2Vx 2x

NG
and are all correct answers.
2x cosh?x

However, only the last two answers have a

sech? \/x
2vVx

by \/ﬁ_ in order to rationalize the denominator.

e sechx =

rational denominator. We multiplied

1

cosh x’

e Note that cosh? vx doesn’t simplify to cosh x.

d
2t
O —(t%eH
Apply the product rule:
d
fO=t , g@=e , (9=

00 =g+ = () + ¢ ()

= el(2t) + tz(et) = 2tet + t%et
=et(2t +t%) =|et(t? + 20)




Notes:

d . d .
. Eet = e according to—e% = qe® witha =

1 and x replaced by t.
o 2tel + t%e! = et(2t + t?). Factor out e’.
e 2t + t? = t? + 2t since addition is
commutative (order doesn’t matter).

d
QO —V1+e>
dx
Apply the chain rule:
d
u=1+e”* , f=+Vu=u"? , d—i;:?
df df du d | d
—_—_—— | — /2 — (1 —.?C]
dx dudx (duu )[dx( te™)
1 u—1/2€—x
—(_,,—1/2 — XY —
(zu )(0 e™) 2



e % e * e %

202 2Ju 2I+er
e ™ Jl1+4+e*
2VIteiVite?

e *V1+e™X
| 21+ eX)
Notes:
. %— = % —% = %2 = —% (subtract fractions

with a common denominator).

1 _ _ 1
= u" Y2 pecause x ™" = —

® .
ul/2 Pl

L . d
e A derivative of a constant is zero: — (1) = 0.

d _ _ . d

e —e¢™* = —e *accordingto —e* = qe?*
dx dx
with a = —1.

o V1+e*J1+e* =1+ e *because

Vuvu = u.



e g _ e ite”
2V1+e™X 2(14e~%)

answers. However, only the answer

e *V1+e X i :
— —— has a rational denominator. We
2(1+e=%)

are both correct

e % Vite X
1+e—X y Vite X
rationalize the denominator.

d 1 —sinhx

dx sinhx
Apply the quotient rule:  f(x)

=1—-sinhx , g)
a (f

= <] —_— =] =7

sinhx dx() :

in order to

multiplied — >

g

df _.dg
i(z)zgﬁ‘fa
dx \g g°

sinh x [% (1 — sinh x)] — (1 — sinh x) (c?_x sinh x)

sinh? x




_ sinhx (0 — cosh x) — (1 — sinh x)(cosh x)
B sinh? x
Distribute: — (a — b) = —a — (—b)
—sinh x coshx — (1) cosh x — (— sinh x) cosh x
sinh? x
Note: — (—sinhx) = + sinhx
— sinh x cosh x — cosh x + sinh x cosh x

sinh? x

— cosh x

sinh? x
Note: The answer may alternatively be expressed

as — coth x csch x or — cosh x csch? x because

cosh 1

X
cothx = — and csch x = — .
sinh x sinh x




5 DERIVATIVES OF LOGARITHMS

The derivative of the natural logarithm function is:

d 1
—Inx =—
dx X
Note that a constant multiplying the variable inside of the argument
has no effect on the derivative of a logarithm. We will explore why in
one of the examples.

d
—In(ax) =— (a vanishes)
dx X
Recall that a natural logarithm is a function that is used to determine
the exponent in the equation y = e*. Specifically, the equation Iny = x
is exactly the same as the equation y = eX; the only difference is that
In y = x lets you solve for the exponent. Recall the following
properties regarding logarithms:
In(xy)=Inx+Iny
In(xy)=Inx-Iny
In(1/x) = In(x~1) = -In x
In(x¥) =aln x

In(e*) = x
eInx =X
In(e) =1
In(1)=0

The natural logarithm In x is a logarithm where the base equals
Euler’s number (e = 2.718281828). That is, In x = log.*. A general

logarithm of base b can be related to the natural logarithm using the
change of base formula:



Inx
Inb

This allows you to take a derivative of a logarithm of any base (where
b is the base):

d d

log, x =

lnx) 1 d 11 1

—1 ) :—(— = ———1] = — =
208 * = \inp) Tpax ") T b3 T xinb

A natural logarithm is also involved in the derivative of the power
function:

d d
—b*=b*Inb , —b*=-b""Inb

dx dx
If you set b = e in the above formulas, you get the special cases
d X X d d —-X —-X
—e" = e dn —¢e = —e
dx dx

which we explored in the previous chapter (note that In e = 1).



Example: Show that the constant a has no effect on the following
derivative.

d
T In(ax)

Method 1: We will make the following definition in

order to apply the chain rule:
df

fw) =Inu , ulx)=ax , a=?
o= de = (@) (&)
- () @==;

The constant a canceled out.
Method 2: Apply the identity In(ax) = In(a) +

In(x).

d d
Eln(ax) = a(lna + Inx)
=alna—l—%lnx = 0+;=;

The derivative of a constant equals zero, and Ina
is a constant (since a is constant).



Example: Perform the following derivative with respect to t.

d

—tint
de-

We will make the following definitions in order to
apply the product rule:

f)=t , g) =Int
Apply the product rule

(fg)— df dt lnt(%t)+t(%lnt)

= (1nt)(1)+t(%) =Int+1



Example: Perform the following derivative with respect to x.

d
§10g10x
Use the change of base formula with b = 10:
l _ Inx
0810 % = 1110
d1 _d(lnx)_l d1
dx 5% Zax\in10) "n1oax
11 1

" Inl0x xIn10



Example: Perform the following derivative with respect to x.

d )

dx
Use the formula for the derivative of the power
function with b = 2:

iZX =2%In2
dx



Chapter 5 Exercises

Directions: Perform each derivative with respect to the indicated
variable.

Write your solutions down on a piece of paper. You can find the full
solution to each problem at the end of this chapter.

Part A



d
O —clnx =
dx

dInt
® —

dt t

d
® —In|cosx| =
dx

d
@® —In(coshx) =
dx

Part B



d 2*

dx x?2



Part A

Chapter 5 Solutions

d
O —c“Inx

dx

Apply the product rule:

flx) =e”

d
= e*X (—lnx) + lnx(
dx

x (1) + Inx (e¥)

— €

, gx)=Inx |,

d
a(fg) =g

X
eX

—+e*lnx =
X

— 4+
dx

dg
%

d x)
dxe

e

1

—+Inx
X

)




d Int
® 7T
Apply the quotient rule:

f&)=Int , gl®)=t , %(é)z?
AN i DRI D
dt \g g° £2

(-t [T=Tne
t2 - £2




d
€ —In|cosx]|

dx
Apply the chain rule:
U = COSX f=Inu Y -
) ’ dx '
df_dfdu_(dl )(d )
dx dudx \du nu dxcosx
1 —sin x Sin x
= (—) (—sinx) = = —
u u COS X
=|—tanx

(Why put absolute values on In|cos x|? The
logarithm is only real when the argument is
positive. The absolute values prevent cosine from
being negative.)



(4] 4 In(cosh x)

dx
Apply the chain rule:
= cosh =1 9 _ ?
u=coshx , f=Inhu |, T
df df du

d d
- 88 o) o)
dx dudx (du e dxCOS *
1\ sinhx sinhx
= (Z) (sinhx) = =

= [tanh x
Note: The derivative of hyperbolic cosine,

u cosh x

d . . .
e (cosh x) = sinh x, is positive, whereas the

o . . d . .
derivative of ordinary cosine, ——C0SX = —sinx, is

negative.



Part B

d
& —Vinx
dx
Apply the chain rule:
df
= ] , — — 1 1/2 , — =7
u=Ilnx f=+vu=u o

df_dfdu_(d 1/2)(d1 )
dx dudx duu ax A

(o)) - G)
()

I T S 1 B 1 In x
S 2xul? 2xu 2xvVInx  2xvVInxVInx
Vinx
- 2xInx
Notes:
1 1 2 1-2

1 .
—— = — = (subtract fractions
2 2 2 2 2

with a common denominator).
1
-n _—

1 —1/2
° 7= X because x~ " = -




e VInx VInx = Inx because Vuvu = (\/ﬂ)z =

Uu.
1 vinx
° and are both correct answers.
2xvVIn x 2xIn x

Vin x ]
has a rational

1 b Vvinx in
2xvVinx yx/lnx
order to rationalize the denominator.

d
® —Invx
dx
Method 1: Apply the chain rule:

However, only the answer
2x1Inx

denominator. We multiplied

d
u=+vx=x%? , f=lhu , éz

df_dfdu_(dl )(d 1/2)
dx dudx \du nu dxx

- ()= () )

?

_( 1 )( 1 )_ 1 _ 1 1
 \x1/2) \241/2 Ix1/241/2 2WxVx 12x
2

Note that vVxvx = (Vx)" = x.




Method 2: Apply the identity In x¢ = a In x with
1

a:E
d (1 1d
— /2 — (2 -
ln\/_ lnx dx(zlnx) delnx
_1(1)_ 1
C2\x/)  |2x
d
—log, t
7 dt 082
Use the change of base formula with b = 2:
log, t = e
0852 "~ In2
dl . d(lnt) 1d1t 11
dt 22" T qt\n2) Inzde ~  In2¢t

1
tln 2




d 2*
(S J—

dx x?
Apply the quotient rule:
d (f
= 2% = x? _(_)=?
fx) gx) =x i\
df d.g 2 i XY _ ox i 2
KAWL etk (@x2) - ()
dx \g g2 (x2)2

Use the formula for the derivative of the power
function with b = 2:

i25’6 =2*In2
dx

Substitute the above derivative into the previous
equation.

d (f) _ x%(2%In2) — 2%(2x)
dx\g/ (x2)?
B x%2%In2 — 2x2*

)
2¥(x*In2 - 2x)| |2¥(xIn2—2)
x4 x3




Notes:

(x?)? = x* according to (x%)? = x4b,

x%2¥1n2 — 2x2% = 2*(x*In 2 — 2x). Factor
out 2%,
In the last step, we divided the numerator and

denominator both by x.
2¥ln2  2**1

An alternative answer is = = because
2 X X xX+1

x° 1 242X _ 242 _ 2 . X _
x—4 —Fand - = 3 = 3 (smceZ 2 =

2%21 = 2**1 3ccording to x™x™ = x™tN),



6 SECOND DERIVATIVES

A second derivative simply means to take two consecutive
derivatives, as illustrated by the following examples.

dy d (dy)
dx? dx\dx
Example: Perform the following derivative with respect to x.
d 2

- 6

dxz(Zx )
First take a derivative of y = 2x® with respect to x, and then take a
second derivative:

dy .
L = —2x6 = 12%°

dx dex *
d*y d (dy d
— = = — (12x%) = 60x*
dx? dx(dx) ax (12%7) = 60x




Example: Perform the following derivative with respect to theta.
d2

w (Sin 9)

First take a derivative of y = sin(theta) with respect to theta, and then
take a second derivative:
dy d g — 9
10 — dgsm — COS
d?y d /dy d
62— do (de) qg (0s9) = —sin




Example: Perform the following derivative with respect to x.

dz ( 1 )
dx? \x?
First take a derivative of y = 1/x2 with respect to x, and then take a
second derivative:

dy ds1\ _d _, . .
dx _ dx (xz) o T

d?y d /dy d 6

= = — (=2 —3) = -3 (-2 —4 — 6 -4 = __

dx? dx (dx) dx( x7) = (=3)(=2)x X x?



Chapter 6 Exercises

Directions: Perform each derivative with respect to the indicated
variable.

Write your solutions down on a piece of paper. You can find the full
solution to each problem at the end of this chapter.

Part A



dz
(1) W(Dﬂ —3x> +5x3 —7x) =

2

(2] g7 €S 30 =

d2
@ Wlnx =

Part B



5 FTT ——sin(8?%) =

0 @tan(? =

Part C



d? 1
dx2x

e
|

10 Wsec@ =

—tan" 1t =
D dt?

12 @(9 sin 6)



Chapter 6 Solutions

Part A

dy d . . ;

—_— — — 7

1 = Iy (x” — 3x> + 5x X)
= 7x® — 15x* + 15x% — 7

dy d dyy d \ )
W—a(a)—&(7% — 15x™ + 15x —7)

= 142x° — 60x3 + 30x

dy
(2] 2 = Cos 36

Apply the chain rule with u = 36 and y = cos u:

dy dydu d d .
a0 dudd (@ Cosu) (E 39) = (=sinu)(3)
= —3sinu = —3sin 36

Now take a second derivative:

d2y d sdyy  d |
402~ do (dQ) = 7 (73sin30)




Apply the chain rule withu = 360 and g =
—3sinu:
d’y dg dgdu [d d
doz2 ~ do  dudo [du( sinw)| {75
= (—3cosu)(3) = —9cosu =|—9cos 380

4,1 L iy
e = — - =
dx _dx | x dx?2  dx \dx
d /1 d 1
—_——\" ) - -1 = — —2 = | — —
dx(x) dx(x ) x 2
d_y=ie—3t2
dt dt

Apply the chain rule with u = —3t% and y = e%:
dy dydu d \[d
—=——=|— ——3t2]= W) (—6t
dt  dudt (due )[dt( )| = (e")(=60)

= —6tet = —6te 3"

Now take a second derivative:

d’y d dy\ d .
dtz_dt(dt)_ﬁ(_&e )




Apply the product rule with g(¢t) = —6t and

h(t) = e3¢,
d?y d dg dh
dt? _dt(gh) B ha”’a

= -3t [% (—6t)] + (=6t) (dite-?'tz)
= e73t°(—6) — 6t(—6te3")

= —6e73" + 36t2e 73

= (—6 + 36t2)e~3t"



= (36t2 — 6)e3" = 6(6t% — 1)e ™3

6(6t% —1)
eStz

Notes:

3t2

d _ 242 d
e We usedae = —6te 3t fromd—jt;when

2
finding C;TZ.
o —6e73t" 4 36t2e73t" = (=6 + 36t2)e 3",
(Factor out e~3t")
e Note that —6 + 36t% = 36t% — 6.
e Each of the last five answers is a correct

answer for this problem.



Part B

dy d 5
E = @SIH(Q )

Apply the chain rule with u = 8% and y = sinu:

dy dydu_(d )(d ):(Cosu)(ze)

20 aude _ \aS"*)\ 78

= 20 cosu = 26 cos(6?)
Now take a second derivative:

d’y ddyy d

dgz  de d9] ae
Apply the product rule with g(8) = 26 and

h(8) = cos(0?).
d*y dg dh
doz "~ ( W =hagt 940

s (2 28) 28 oo

= cos(82%) (2) + 26 [;—9 COS(QZ)]

= 2 cos(6?) + 26 [— cos(@z)]

—[26 cos(62)]




Apply the chain rule with u = 8% and k = cos u:

dk_dkdu_(d )(d )_( nw)(26)
79 = Jud6 cosu T = (—sinu

du
= —28sinu = —26 sin(6?)

Substitute % cos(A?) = —26 sin(0?) into the

equation for the second derivative:
2

d%y _ 2 2 ]
J9z = 2 cos(0°) + 20 [—COS(Q )

= 2 cos(0?%) + 20[—20 sin(6?)]
= (2 cos(8?) — 40% sin(8?)
Note that the angle is squared, not the sine
function. Compare sin(6?2), which means to square
the angle first and then take the sine, with sin? 6,
which instead means to take the sine first and
then square the result.




= =~ tan6 = sec? ¢ A
do — do Y T e 4oz de

_d
—Esec 6
Apply the chain rule with u = sec8 and f = u?:
dy df dfdu (d \/d
27~ a6~ auao (@) (Ggoec?)

= (2u)(secftanB) = (2secB)(secHtanf)

=|2sec?f@tané

dy d d’y d (dy)

2sin @

Note that an alternate answer is =g because
2 4 __sin@
sec’) = ——andtanf = —.
dy d
—=—(tInt
dt dt ( )

Apply the product rule with f(t) = t and g(t) =
In t.

dy

d._ . df _dg
E—E(fg)—ga"‘fa

=1 t(dt)+t(dl t)
BT de

1
= (In)(1) + t(?)
=lnt+1=1+1Int



Now take a second derivative:

d? d (d d d d
4 (y)— t(1+lnt)=—1+—lnt

di2 _ di\dd/)  dt dt = dt
1 1
=0+-=|-
t |t
d d d 1 1 1
y_L X=—Xx2=—x 2

dzy d (dy) d (1 _1) 1d _1
—_— Y |— ]| =—|—-Xx 2)==——Xx 2
dx? dx \dx dx \2 2 dx
(-390
—\72/\2)*
1, 1 1 1 x
= ——X /2 = — = — = —
4 437 T g x dxvxix




Notes:

1 1 2 1-2 1 :
¢ ——1=-—-=—=——(subtract fractions
2 2 2 2 2
with a common denominator).
1 1 2 —1-2 3
e —— — = ——— - = = ——,
2 2 2 2 2
2
e VX = x2 and vAVT = (VX)© =
-3/2 _

1
° X accordingto x™" = — Also,

— ,3/2
x3/2 = x1x1/2 = x\/x.

e There are multiple correct answers, but — X

4x2
has a rational denominator.



Part C

dy d1 d _,
dz_x Tdxx dx
i~ )~ = (O
=2x"3 = £
3
Notes:
e —1—-1=—-2and-2-1=-3.
e (-2)(-1) =2
e x'=Zandx3 ==,
X X

_ 2
e 2x7 3 and = are both correct answers.



dy d ; 0 a0 d*y
—_— T — j— _) I
dé dbé Sec secttan do?

d /dy d
= @(E) = @(SECQ tan 8)

Apply the product rule with f = secf and g =
tan 6:

d2y d df dg
dgz_dg(fg)_gﬁ'l_fﬁ

d d
= tané (d_Q sec 9) + sec @ (Etan 9)
= tan @ (secd tan @) + sec 8 (sec® §)
= secOtan? 0 + sec3 6

= [sec 6 (tan® 8 + sec? 9)
sin® 6+1
cos3 @

An alternate answer is because sec 8 =

2 o _ sin?6
n n = .
cos 6 and tan” 0 cos2 @



dy d T 1 d*y
_— — —_ S
dt dt an 1+ t2 dt?

-3 -%(%)
T dt\dt/ ~ dt\1 + t2

The formula for the derivative of the inverse

tangent was given in Chapter 3. Apply the chain
rulewithu =1+t?and f = i =u"1L

d?y df dfdu (d _\[d ,
dtZ‘dt‘dudt_(E“ )[E“H)]

= (—u"2)(0 + 2t)

gz 2t 2
T T T T A
2t

An alternate answer is = — .
1+ 2t2 + t#



dy d _
E_E(HSIHQ)

Apply the product rule with f = 8 and g = sin 4:
dy
do

= si a(d 9)+9(d ng)
=sint|— 7 Sin
=sinf (1) + O cosO

B d B d
—dg(fg)—gﬁ‘l'fﬁ

D _ ind + 6 cos
d9—51n COS

Now take a second derivative:

d? d rd d
24 {y = —(sinf + 0 cos 0)

402~ doldel ~ de
d
= cos @ +E(9COSQ)

Apply the product rule with f = 8 and h = cos 6:
d d df dh
E(QCOSQ) = d—g(fh) — h@_l_fd_H
= 0 ( d 9) + 6 ( d 9)
= cost |- 75 €°8
=cosO(1)+60(—sinB) =cos@ —Osinb



Substitute i (9 cos @) = cos @ — 0 sin 9 into the

dzy.

dez'
d? d
d932} = cos @ -I——(G cos0)

= cos @ + (cos O — QsmG)
=|2cosO —0sinb

equation for




7 EXTREME VALUES

To find the relative extrema for a function, f(x), follow these steps (as
illustrated by the example that follows):
1. Take the first derivative of the function, df/dx.
2. Set the first derivative equal to zero: df/dx = 0. (Why? The
slope of the tangent line is zero, corresponding to df/dx = 0, at
the relative extrema.)
3. Solve for the values of x that make the first derivative zero.
Call these x.. (A few books also include points where the slope
is vertical or undefined.)
4. Take the second derivative of the function, d2f/dx2, by taking
a derivative of the algebraic result from step 1.
5. Evaluate the second derivative at each value of x. found in
step 3.
6. For each value of x. obtained in step 3, follow these steps to
classify the type of relative extrema associated with that value of
X!
- If d?f/dx? > 0 at x,, classify that point as a relative (or local)
minimum.
- If d?f/dx? < 0 at x,, classify that point as a relative (or local)

maximum.
- If d?f/dx? = 0 at x., examine the first derivative just before and

just after x. (as described on the next page).
1. Evaluate the function, f(x), at each value of x. obtained in

step 3 corresponding to a relative minimum or maximum. These
are the values of the function at each relative (or local)
extremum.



2. To find the absolute extrema of the function over a specified
interval, (a,b), evaluate the function at the endpoints of the
interval, a and b. Follow these steps:

« Compare the values of f(x.) from step 7. Also compare f(a)

and f(b). The largest of these values is the absolute maximum.
« Compare the values of f(x.) from step 7. Also compare f(x).

The smallest of these values is the absolute minimum.



If the second derivative equals zero at x, follow these steps:
1. Determine the sign of the first derivative just before x..
2. Determine the sign of the first derivative just after x..

3. Interpret your answers to steps 1-2 as follows:

* The sign of the first derivative changes from positive to
negative at a relative (or local) maximum.

* The sign of the first derivative changes from negative to
positive at a relative (or local) maximum.

« If the first derivative doesn’t change sign, this is a point of
inflection (where the second derivative, relating to concavity,
changes sign.)



Example: Find the absolute extrema for the function below over the
interval (-3,5).

f(x) =x3-12x + 4
Take a derivative of f(x) with respect to x:

d d
—fz—(x3—12x+4) = 3x* — 12
dx dx

Set the first derivative equal to zero. Solve for x. Call these values X..

d
—f:0 - 3x2-12=0
dx

3x2=12 > x2=4 > x.=42
Take a second derivative of f(x) with respect to x:

d? d (d d

—f= (f)z—(3x2—12)=6x

dx? dx \dx dx

Evaluate the second derivative at x. = -2 and x. = 2 (which we found
previously).

dzf relative

dx?| 6(=2) = ~12 (maximum)
dzf relative
dx? =6(2) =12 (minimum)

X=—2
There is a relative maximum at x. = -2 (where the second derivative
is negative), and a relative minimum at x; = 2 (where the second
derivative is positive). Evaluate the function at x. = -2, x. = 2, and
the endpoints (x = -3 and x = 5).



f(=2)=(-2)%-12(-2)+4=-8+24+4 =20
f(2)=23-12(2)+4=8—-24+4=-12

f(=3)=(-3)*—-12(-3)+4=-27+36+4=13
f(5)=5>—-12(5) +4=125—-60+4 =69

Over the interval (-3,5), the absolute extrema are:

« f(x) has an absolute maximum value of 69 (when x = 5).
« f(x) has an absolute minimum value of —12 (when x = 2).



Chapter 7 Exercises

Directions: Find the absolute extrema for each function over the
specified interval.

Write your solutions down on a piece of paper. You can find the full
solution to each problem at the end of this chapter.

1. Find the absolute extrema for the function below over the interval
(2,4).

f(x) =2x* — 8x*

2. Find the absolute extrema for the function below over the interval
(*2,10).




Chapter 7 Solutions

O (x)=2x*—8x3 , 2<x<4

Take a derivative of f(x) with respect to x:
af
dx

Set the first derlvatlve equal to zero. Solve for x.

Call these values x..
af
dx
Factor out 8x2:
8x%(x,—3)=0
8x; = or x,—3=0
x, =0 or x.=3

d
(Zx — 8x3) = 8x3 — 24x?

=0 - 8x3-—24x? =

Of these, only x. = 3 lies in the specified interval,
2<x <4
Take a second derivative of f(x) with respect to x:

d*f d /df d , 5
W—a(a) E(Sx — 24x°) = 24x“ — 48x



Evaluate the second derivative at x, = 3 (which
we found previously).
d*f

dx?

= 24(3)* —48(3) = 216 — 144
X=3

=7 (relaie )

There is a relative minimum at x, = 3 (where the
second derivative is positive).
Evaluate the function at x, = 3, and the endpoints
(x =2 and x = 4).
f(3)=2(3)*—-8(3)3 =162 —-216 = —54
f(2)=202)"-8(2)>=32—-64=-32
f(4)=2(4)*-84)3=512-512=0
Over the interval (2,4), the absolute extrema are:

¢ f(x) has an absolute maximum value of [0
(when x = 4).

e f(x) has an absolute minimum value of | =54
(when x = 3).




4 3
9 f(x) — x6 o x8
Take a derivative of f(x) with respect to x:
df d /4 3 d
= —_ = — (4 -6 _ -8
dx dx (x6 x8) dx( * 3277
24 24

= —24x77 4+ 24x7° = ——+ —
x7  x

Set the first derivative equal to zero. Solve for x.
Call these values x..

1< <10
: Z_x_

df 24 24 24 24
—=0 - —=+=5=0 - ===
dx Xe  Xp Xp  Xf

1 1

—_ =

xe  x

Multiply both sides of the equation by x_:
X7 ,
l=—= - 1=x - zIl=x

Xc



9 m
X — X —
Note that = = x2~/ = x? because — = x™™ ™. The
X x™

C

reason that x, = —1 and x, = 1 both solve x7 =
is that (—1)% = 1 and 1% = 1. However, the

problem specified the interval% < x < 10, and the

only solution that satisfies this interval is x. = 1.
Take a second derivative of f(x) with respect to x:

d’f d /df d
= =—(—24x"7 + 24x°
dxZ  dx (dx) T (724X 4 24x7)
= 168x"8 —216x~19 = 168 216
x8 xIO

Evaluate the second derivative at x, = 1 (which
we found previously).

dzf B 168 216 B
TxZ =78 T {10 = 168 — 216
x=1
— _48 ( rel.:—}tlve )
maximum

There is a relative maximum at x, = 1 (where the
second derivative is negative). Evaluate the

function at x, = 1, and the endpoints (x = % and
x = 10).



()
= 256 — 768 = —512

To divide by a fraction, multiply by its reciprocal:
4

2 4@)6 — 4(2)5 = 256.

6
f(10) =

— = 0.000004 — 0.00000003
106 108
= 0.00000397

. 1
Over the interval (— = 10), the absolute extrema

are.

¢ f(x) has an absolute maximum value of |1
(whenx = 1).

e f(x) has an absolute minimum value of

—512|(when x = %).




8 LIMITS AND L’HOPITAL’S RULE

The following notation means, “What value does the function f(x)
approach as the variable x approaches ¢?” The limit asks how the
function behaves as x gets closer and closer to the value of c.

lim f(x)

X—C

A one-sided limit asks how the function behaves as x approaches ¢
from a specified direction: A + sign means to let x approach ¢ from
the right (meaning to start with values of x > ¢ and let x decrease
towards c¢), whereas a — sign means to let x approach ¢ from the left
(meaning to start with values of x < ¢ and let x increase towards c).
The notation for one-sided limits is shown below.

o @ i 1)

When finding the limit of the ratio of two functions, if both functions
approach zero (or if both grow to infinity), I'H6pital’s rule may help to
evaluate the limit:

) 3_f if lim f(x) =0and limg(x) =0
X X—-C x—c
lim}c X _ = X=C or
x-cg(x) ag if lim f(x) = +o0 and lim g(x) = +oo
dx r=¢ X—=C X—=C



Example: Evaluate the following limit.

lim e™*
X—00
_ 1 . _ 1
Note that e™ = —according to the rule x ™" = —.,
e X
N 1
lim e™ = lim —
X—CO x—00 eX*

Ask yourself, “What happens to eix as X grows very

large?” Answer it in two steps:

e As x gets larger and larger, e* gets much
larger.

1
e Ase* gets much larger, x gets much smaller.

. P |
The answer is zero: As x grows to infinity, —~

approaches zero.
lime™ =0

xX— 00



Example: Evaluate the following limit.
- 6x3 — 8x*°

%1_)1’510 2x3 + 4x?
At first glance, it might seem necessary to apply
I'Hopital’s rule, since 6x° — 8x* and 2x3 + 4x?
both grow indefinitely as x gets larger and larger.
However, this problem can actually be solved by
dividing both the numerator and denominator x3.

6x3  8x? 8
. 6x3—8x2_1_ x3_x3_1- 6‘}
o 2x3 + 4x2 Ao 2x3  AxZ | xot 4
T3 2ty

X X

.8 4
Since - and " each approach zero as x grows to

infinity, the limit simplifies to:

8

61 6-0 6
I~ =570 2"
x—>002_|__ +

X



Example: Evaluate the following limit.
SIn X

lim
x—0 X
This problem requires I'Hépital’s rule because

liné sinx = 0 and lir% x = 0. (Unlike the previous
X— xX—

example, this problem can’t be solved just by
algebra.)

y sinx  dx MM _, cosx|y—o cosO 1
xl—r}(l] X B ix B 1 B 1 _I
dx x=0
=1

Recall from trig that cos 0 = 1. Note that % x=1

for any value of x.



Example: Evaluate the following limit.
I 2X
im
x-0eX — 1
This problem requires 'HOpital’s rule because

lim2x =0andlim(e*—-1)=1-1=0.

x—0 x—0

d 2
2% dx x‘ _ 2 2 2
lim = X0 — =— ==

Recall that e® = 1. Note that%ex = e¥,



Chapter 8 Exercises

Directions: Evaluate each limit.

Write your solutions down on a piece of paper. You can find the full
solution to each problem at the end of this chapter.

Part A
. x*=3x+6 V144 — x2
O lim— = ® lim =
x—2x%+ 3x — 2 x>0 /9 _ 2
® lime*lnx = @ limxcosx =
x—1 X—=T
2x — 8 x* —16
lim ' —
ex%ooﬁx“ (B;Ecl—r}}r x —4
2x% — 3x Inx
: - lim
0 limo o= ® lm 7=

Part B



tan x

© lim =

x—=0 X

(11 lnn——-z

xX—=00 3

8x° — 3x3
li
@ xlj& 2x6 9)62

2x — T

@ lim =

xﬁ% CoS Xx

D i

®

[14)

0 !

2x* + 4x2 +6
xoth x% +2x2 +3

vx+4 -2

lim =
x—0 X

X _ pg=X

lim———— =
x—0 X

- Inx
im— =
x—o0o X



Chapter 8 Solutions

Part A
 x*—=3x+6 2¢—-3(2)+6 4-6+6
@ lim — —
x-2x4+3x—2 224+32)—2 4+4+6-2
_4_1
8 |2

Note that I'Hopital’s rule doesn’t apply because
neither the numerator nor the denominator
approach 0 (or +o0) in the specified limit.

& 1 V144 —x2  V144—-02 V144 12
0 Vo—xZ  V9-02 Y9 3

= |4

Note that 'Hopital’s rule doesn’t apply because

neither the numerator nor the denominator

approach 0 (or too) in the specified limit.




® lime*lnx =elln(1) =e(0) =(0

x—1

Note thate! = e and In(1) = 0.

@D limxcosx=ncosnt =n(-1) =[—n
X—TT
Note that cos® = cos 180° = —1.
) q 2x 8 7 8 0
: X—o . x x _ x4
@ lim —— = lim & —y = lim — = ——

1
3

Notes:

e We divided the numerator and denominator
each by x in the first step.

. g and % each approach 0 as x grows larger and

larger.

e Calculator check: If you plug in x = 1000, you

. 1992 1
willget — = 0.33 = -
5996 3



x?—16  (x+4)(x-—4)
= lim

O lim

x—4 X — 4 x—4 x—4
=lim(x+4)=4+4=|8
X—4
Notes:
e (x+4)(x—4)=x?*+4x —4x — 16 = x* —
16.

e We're exploring what happens to the function
as x gets close to 4, but since x never quite
reaches 4, we don’t need to be worried about
dividing by zero.

e Calculator check: If you plug in x = 4.1, you

will getE = 8.1 = 8.
0.1



2x% — 3x 2 ) 2—=
© lim = lim X - X~ — lim X
x—o 4x2 4+ 9x x—oo 4x + 9% x-w 4 + 2
x2 = x?2 X
2-0 2 [T
440 4 |2

Notes:

e We divided the numerator and denominator
each by x? in the first step.

e > and- each approach 0 as x grows larger and

X X
larger.
e Calculator check: If you plug in x = 1000, you
: 1,997,000 1
will get ~ 0.5 ==

4,009,000 2"



d

® lim Inx _ ﬁlnx‘le _E‘x=1_£_l
x-1x —1 d( 111
dx =1
=[1

Notes:

e We applied 'Hopital’s rule since limlnx = 0

x—1
and lim(x — 1) = 0.

x—1
. —ln(x) ——and—(x— 1) = —x—il =
1-0=1.

e Note that%x = 1 for any value of x.

e Calculator check: If you plugin x = 1.01, you

will get 0009950331 ~ 0.995 ~ 1.
0.01




Part B

d
—tanx 2
tanx dx ‘ _g Sec”x|y=o
¢® lim = =2 =

‘k_

1
_ C0S%x

1
x=0 _ €c0s?0 =1/12= 1

1 1 1

Notes:

e We applied I'Hopital’s rule since lin% tanx = 0
X—

and lim x = 0.
x—0

d d
e —tanx =sec’xyand—x = 1.
dx dx

1
,cos0 =1,and sec0 = 1.
COS X

e Calculator check: If you plug in x = 0.01, you

® SeCx =

. 0.01 .
will get — 1 (but first check that your
calculator is in radians mode and not degrees
mode).



2x* 4x% 6

C 2xt+4axt+6 | SE T, T3

M lim = lim = -
x—oo x¥+2x24+3  xo0 X 2x 3
F_I_ x? +x4

2+x2+x4_2+0+0_

T xS 2 3 14040
x4

Notes:
e We divided the numerator and denominator

each by x* in the first step.
4 6 2 3
x2" x4 x2’ and x4

larger and larger.

each approach 0 as x grows

e Calculator check: If you plug in x = 100, you

. 200,040,006
will get ~ 2
100,020,003




d

X
. X dx ‘x_)oo 1 1
m lim = = = — =10
x—00 eX iex e¥|, 0  lim e*
dx Y00 X—00
Notes:

e We applied I'Hopital’s rule since x and e* both

grow indefinitely as x gets larger and larger.

d d d

e —¢* =¢*and —x = 1. Note that—x = 1 for
dx dx dx

any value of x.
e Ase” grows larger and larger, eix gets closer
and closer to zero.
e Calculator check: If you plug in x = 20, you

20~ 0.000000041 ~ 0.

will get
485,165,195.4




vx +4—2 Vx+4—2vVx+4+2

li = li
@ xlérf(l) X xl—I}(l) X VX +4 42
_ x+4—4
= lim
x=0 x(\/x + 4+ 2)
I i I =
= lim = 11m

>0x(Vx+4+2) x0x+442

1 1 1 1

VO+4+2 VE+2 2+2 |4

Notes:

e (Vx+4-2)Vx+4+2)=Vx+a/x+4+
2Vx+4—2Vx+4—4

= x + 4 — 4 = x for the same reason that
(a—b)(a+b) =a? — b=

e Although x approaches 0, since it never quite
reaches 0 in the limit, we don’t need to worry

about dividing by zero when we cancel g



¢ If instead you apply 'Hopital’s rule, you will

d
get the same answer. Note thata x+ 4=

Ly =1andlim——=——=— =1
Nx+a dx T x>0 2Vx+4  2v4 2(2) 4

e (Calculator check: If you plug in x = 0.01, you
0.002498439

will get ~ (0.25 = i.

G5 _ 243 8x> 3x? 8 3
. OXT —3X" . x6  x6 .. x x3
®%gg02x6-—9x2_a}1—>r202x6 9x2_:ll—>r£102 9
6 6 T 4
X X X

_0—0_0_O

S 2-0 2

Notes:

e We divided the numerator and denominator

each by x° in the first step.

8 3 9
* -3 and por each approach 0 as x grows larger

and larger.



e Conceptually, the denominator, which grows
as x°, dominates the numerator, which grows
as x>, causing the ratio to approach zero.

e Calculator check: If you plug in x = 100, you

7.9997x%1010
=~ (.04 = 0.
1.99999991x101

will get

X

i X _ p—X
_e*‘”x:dx(e e )x=0

e
O lim

x—0 X d




Notes:
e We applied I’'Hdpital’s rule since lim(e* —

x—0
e *)=0andlimx = 0.

x—0
d _ _ d
o aex=ex,ae ¥ = —p x,andax=1.
d X —-X d X d —-X X
e —(e* —e = —e*t ——e X =¥ —
dx( ) dx dx
(—e ™) =e*+e7%.
o ¢V =1.

e Calculator check: If you plugin x = 0.01, you
0.020000333

will get o1 ~ 2.
d
2x — ﬁ(zx_n)‘x% 2
® lin cosx ~ —sinx|
X—o= hadl - _
g Cosxx=E
2
22 5
_sinE -1 &
sin =
Notes:
e We applied I'Hépital’s rule since lim (2x —
X—=

2
m) = 0 and lim cos x = 0.

X—o=
2



d . d d
e —cosx =—sinxand—(2x — @) = —2x —
dx dx( ) dx

d —_— _ —_—
an—Z 0=2.

° sin% = sin 90° = 1 and cos% = c0s 90° = 0.

e Calculator check: If you plugin x = 1.6, you
0.058407346

—0.029199522
your calculator is in radians mode and not

degrees mode).

will get ~ —2 (but first check that

d In x 1
Inx dx X 0
@ llm—=dx X220 — x"°°=_=0
x—0o0 X ix 1 1
dx

X— 00

Notes:

e We applied I'Hopital’s rule since In x and x
both grow indefinitely as x gets larger and
larger.

d 1 d d
e —lnx=-and—x = 1. Notethat—x = 1 for
dx X dx dx

any value of x.

e (Calculator check: If you plugin x = 1,000,000,

13.81551056

you will get ~ 0.000013816 ~ 0.
1,000,000




9 INTEGRALS OF POLYNOMIALS

Given a polynomial term of the form ax® (where a is a constant
coefficient and b is a constant exponent), to perform an indefinite
integral over the variable x, increase the exponent to b + 1 and then
divide by b + 1 according to the following formulas, where c is a
constant of integration:

b+l
bdx = ifb +—1
ax® dx b+1+c (if b = —1)

ax~ tdx = ;dx —alnx +c

Note that a few special exponents can make a polynomial look
somewhat different:
* If you see a variable in a denominator, you may bring it to the
numerator by negating its exponent according to the following

rule:
1 _
—_— x
xn

* If you see a squareroot, rewrite it using an exponent of a:

Jx = x1/2

n



* If no coefficient or exponent is observed, the number 1 is

implied:
o r 1
x=1x" , — = — =X
X X
It may help to recall the following rules of algebra regarding
exponents:

1

i—?: =x™m | x0=1, (x™)" =™

(@)™ = a™x™ , (@ma™)P = a™x"P |, vax = (ax)'/? = a'/?x1/?
If a polynomial includes multiple terms, integrate each term
individually and then add the results together:

f()h + ¥, +---—|—yn)dx=fyldx+fy2dx+---+fyndx
For example, if y4 = 3x2, Yo = =2X, and y; = 4, this means:
f(?)xz—2x+4)dx:fozdx—IZxdx+f4dx

Tip: When you finish an indefinite integral, take a derivative to check
your answer.

xmxn — xm+n

’



Example: Perform the following integral.
f 12x3 dx

Compare 12x3 with the general form ax? to see
that the coefficientis a = 12 and the exponent is
b = 3.Pluga = 12 and b = 3 into the formula

axb+1
— + C.
12x3%1 12x%
f12x3dx= 3T 1 +c = 1 +c=3x*+c

Check: Take a derivative of 3x* + ¢ to check the
answer.

d
d—x(3x4 +¢) = 12x3



Example: Perform the following integral.
6
t_4 dt
Note that this derivative is over t (instead of the

usual x). Simply replace x with ¢t in the formula

axb+1 b+1

+ ¢ to get the formula at
b+1

., 6
+ c¢. Rewrite — as
b+1 t

4 _ 1 a4
6t~* using the rule t ™™ = —. Compare 6t~ * with
tn

the general form at? to see that the coefficient is
a = 6 and the exponentis b = —4. Pluga = 6 and

. atb+1
b = —4 into the formula 1 + c.
f 0 dt = f 6t~ *dt = ot +c = ot +
T T a1 T3 TC
=2t 3+¢

Check: Take a derivative of 2t3 + ¢ to check the
answer.

d 6
-3 —4
o (=2t ™" +c) =6t7" = vy



Example: Perform the following integral.

2
[—dx
X

1 using the rule x~

1
1 = = Compare

L2 _
Rewrite — as 2x
X X

2x~1 with the general form ax? to see that the
coefficient is a = 2 and the exponentis b = —1.
Note that b = —1 is a special case: This integral
equals a natural logarithm.

2
j;dx=f2x“’1dx=21nx+c

Check: Take a derivative of 2 In x + ¢ to check the
answer.

d
E(Zlnx+c) =



Example: Perform the following integral.
f Vx dx

Rewrite vx as x1/? using the rule x/? = /x.
Compare x'/? with the general form ax? to see

that the coefficient is a = 1 and the exponent is
b=1/2.Pluga =1and b = 1/2 into the formula

axb+1

-+ C.
o+l 1/2+41 3/2
1x X
d = 1/2d - + = —+
j”xx fx *Tiz+1 T3
2x3/2
= +
3 C
1+2 3

Notethat-+1=-+-=22=2 (add fractions
2 2 2 2 2

3

. : 1
with a common denominator) and Vi 1+>=

1 % g = g (to divide by a fraction, multiply by its

reciprocal).



2x3/2

3

+ ¢ to check the

Check: Take a derivative of

dnSwer.

d (2x3/2 . c) _ (ﬁ) (E) X2 = x1/2 = /x

dx\ 3 2/ \3



Example: Perform the following integral.
f (5u®* 4+ 9u?) du

Since this expression has two terms (5u* and
9u?), we may integrate each term individually and
then add the results together, where y; = 5u® and
y, = 9u?:

f(yl +yz)dx=fy1dx'+fyzdx

Find the two individual anti-derivatives:

I(Su4 +9u?) du = f Su* du + f 9u? du

_5u4+1+9u2+1+ _5u5+9u3+
" 441 241 “T 5 T3 7€
=u>+3ud+c

Check: Take a derivative of u® + 3u3 + ¢ to check
the answer.

d
@(uS + 3u® + ¢) = 5u* + 9u?



Chapter 9 Exercises

Directions: Perform the following integrals.

Write your solutions down on a piece of paper. You can find the full
solution to each problem at the end of this chapter.

Part A






Part B






art C

© f(x2—3x+4)dx:
® [(5-)
uz u

@ f(10x3/2 + 6x1/2) dx =

@ f(\/f+\/if)dt:



Part A

(1 f35x6

Chapter 9 Solutions

y _35x6+1+ _35x7
*Tex1 T 7

S5x7 + ¢

Check your answer:

d
— (5x7 + ¢) = 35x°
dx




—-8+1

(2 f?—gdt=f63t_8dt=6jé+1+c
63t~ 7 9
= +c=-9t +c=—t—7+c

Notes:

e 8+1=—-7andt 7 =~

t7

_ 9
e —9t~7 +cand — — + care both correct

dNNSWEers.

Check your answer:

63

d
—(—9t~7 =63t 8 = —
dt( +e) t8




15x2/3+1 15x°/3
@f15x2/3dx= 5 +c = +c
z+1 >/3
=|9x°% + ¢
Notethat=+1=2+2=""=>and15+- =
3 45
15 X =T =7
Check your answer:
%(9355/3 +¢) = (g) 9x2/3 = %x?ﬁ = 15x2/3



Notes:

e 5+1=—4andu*=-

ut

_ 12
e —12u *+ cand — — +care both correct
answers.

Check your answer:

d
- (—12u™* +¢) = 48u>



Part B
t1+1 t2
T C=|5+C¢C

o 1 —
@ftdt fltdt 7 >

Note that 1t' = ¢. Check your answer:

d ﬂ+_ _2t_t
ac\2 7)) T2 7

X
@f —fx‘"l/zdx= +c
x1/2 1
~3+1
£1/2
—1—/2+C—2x1/2+c— 2Vx + ¢
Notes:
_ 1
e Vx =x%?and x 1/2=W
Ciliqo lyzoctR_aa
2 2 "2 2 1/2

l-1x2=2.
2 1

e 2x1/2 4 ¢ and 2vx + c are both correct
answers.



Check your answer:

d 1 1 1
1/2 _ ~1/2 _ ,=1/2 _ _
—X(Zx / +c)—(§)2x 12 = x~1/ _m_ﬁ
4u0+1 4u1
(7] f4du=f4u°du= T +C=T+C
=l4u + ¢
Note that u® = 1 and u! = u. Check your answer:
d
— (4u +c)=4
8dx 8x~1/3+1
(8 —1/3 dx = +c
x1/3 1
—3+1
8x2/3
= +c=12x%3 + ¢
2/3
Notes:
o x-1/3 =_1_

x1/3"

e ——41=—243=2F_Z3pd8+2=8x
3 3 3 3

2=2-12
2 2



Check your answer:

d 2 24
2/3 —(Z 2/3-1 _ -1/3
- (12x2/3 +¢) (3) 12x 3 X

3
— —-1/3 —
=821 =



Part C

9 f(x2—3x+4)dx

=[x2dx—13xdx+f4dx
3

I A
=3 > xX+c
Check your answer:
d [(x3 3xz+4 . _ 3x? 6)<:_|_4
dx\3 2 T Y) T3
=x%—3x+4
1 4 B _
10; f(ﬁ—a)du=[(u —4uHdu
=fu“2du—f4u"1du
um2+1 uwl
= — 4] == —4]
o1 nu+c 7 nu+c
=—ul—4hu+c= —a—4lnu+c




. iz =y Zand=-=u"!
u u
o —2+4+1=-1.
e Recall that a power of b = —1 is a special case:

%u = [u"tdu = Inu + ¢ (whereas

aub+1

b g, —
Jau® du=——

Check your answer:

+ ¢ when b # —1).

4 1 4
—(—ut'—4hut+d)=u?——=———
du( u nu-+c)=u =T

(1) f(leW?‘ + 6x1/2) dx

=fle3/2 dx+f6x1/2 dx

10x5°/2  6x3/2
= +
5/2 3/2
20x5/2  12x3/2

e+ — +c=|4x52 + 4x3/2 + ¢

+ C




3 =§+E=E_Eandl+1=1+3=
2 2 2 1 2
w2 _3
2 2
e 10+2=10x2=2_4and6+2=6x2=
2 5 5 2 3
L—

Check your answer:

% (4x5/2 + 4x3/2 + ¢)

5 3
Qo o
20 12
_ 7x3/2 4 7xl/z
= 10x3/2 + 6x1/2



@ f(\/f+\/iz)dt=f(t1/2+tl%)dt
= f(z:l/2 +t~Y2) dt

£1/2+41  p=1/2+1
=ft1/2dt+ft”1/2dt=1 +——+c

s+1 —5+1

t3/2 t1/2 21-3/2 1/2

= + +c= 2
3727172 c 3 +2t/2 4 ¢
2t\t
= ——+ 2/t +c

3



e-t+1=-+2=Zand—c4+1=-2+
2 1 2 2 2 2
2 _ -1+42 _ 1
2 2 2

. 1—5:1x§—3and1—1=1x%:2.Note

that t3/2 = t1¢1/2 = tv/t.
Check your answer:
d (2t3/?
+2t1/2 +
dt( 3 C)

Q@)+ Qe

= (2 42 = T 4

Vit




10 DEFINITE INTEGRALS

First, we will discuss indefinite integrals, and then we will explore
definite integrals. An indefinite integral basically equals the
antiderivative of a function, including a constant of integration. For
example, if f(x) equals a derivative of g(x) with respect to x, then g(x)
is the antiderivative of f(x), apart from a constant of integration:

d
fO) =290 | fdx =g+

To help make this clear, we will rewrite the above equations using
g(x) = x*.

d
4x3 =a(x4) , f4x3dx:x4+c

In the above equations:
« f(x) = 4x3 is the derivative of g(x) = x* with respect to x.
- g(x) = x? is the antiderivative of f(x) = 4x3. An indefinite integral
is the opposite of a derivative.
A definite integral includes limits, specifying an interval, (a,b), as
shown below.

. ffza f(x) dx is an example of a definite
integral.

e [ f(x)dx is an example of an indefinite
integral.



The fundamental theorem of calculus helps to evaluate a definite
integral:

b
f f(x)dx

1. To evaluate the definite integral above, first find the
antiderivative, g(x), of the function specified in the integrand,
f(x).

2. Next, evaluate the antiderivative at the upper and lower limits,
d(b) and g(a).

3. Subtract the answers from step 2, as illustrated in the
examples that follow.

b
f FG0) dx = g(b) — (@)

Note: It isn't necessary to include the constant of integration in the
antiderivative when performing a definite integral because it will
cancel out in step 3.



Example: Perform the following integral.
2

f 9x? dx

x=1
First find the antiderivative of 9x2.

’ , gx2+11° 93
x:flgx dx = [2 T 1L=1 B [T
The notation [3x3]2_, means to evaluate the
antiderivative, 3x3, at each limit and subtract:
[3x°]3=1 = 3(2)% = 3(1)° = 3(8) — 3(1)
=24-3=21

Check the antiderivative: Take a derivative of 3x3
to check the antiderivative.

2

= [3953]925:1
x=1

d
3) — Qa2
- (3x°) = 9x



Example: Perform the following integral.
12

dx
2
x=4

. . Cy e 1 .
First find the antiderivative of > noting that

-2 i
X7t =
12 12
_ 12 _1412
dx f 2 x 21l x~1
X2 —2+1 1
xX=4 x=4 x=4 x=4
12
— [—x"1]12, = _1
— x x=4 —
Xlx=4

12
The notation [— ﬂ means to evaluate the
x=4

. L 1 o
antiderivative, — = at each limit and subtract:

1712 1 1 1 1 1 3
LB ()= hri
xXx=4

X 12 4 12 ' 4 12 ' 12
_—1+43 2 0167
T 12 126 O

Note that — (— i) = i. Two minus signs make a

plus sign.



Check the antiderivative: Take a derivative of
—x "1 to check the antiderivative.

d AN AN a2y _i
—(—x ) = (-D(—xH) =x7F =



Chapter 10 Exercises

Directions: Perform the following integrals.

Write your solutions down on a piece of paper. You can find the full
solution to each problem at the end of this chapter.

Part A



S
&%0\

©

Sl &

T—

2
(4] f(x3—6x2+4x—8)dx:

xX=-2

Part B






Chapter 10 Solutions

2 gy3+1 2 - Qxt 2
_f x‘[3+1‘ 1_[TL
= [2x*]5=1 = 2(2)* — 2(1)*
=2(16)—2(1)=32-2=130

Check your antiderivative (by taking a derivative):

d24—8
- 2x x3

=1




X=3 xX=3
_ lx“zr x~21° [ 11°
N ) . — " 5.2
2 N | 2 - P sl [
1 1 7 1 1 1 4
2(62) 2B~ 72718 72" 72

72 72 |24
Check your antiderivative (by taking a derivative):

R RUE .

-1+4 3 1
= = 0.0417

|
Q




9 9 9 [ i
dt dt g~1/2+1
(3] f—= f—: ft‘l/zdt:

= [2v2]_, = 29 - 2VE = 2(3) - 2(2) =
6—4=2

Check your antiderivative (by taking a derivative):

d 1 11
L o2y — (2 ~1/2 _ p-1/2 _ _
7 (2617) = (2) (2)t ‘ SV

2
O f(x3—6x2+4x—8)dx

xX=—2




4

=——2(2)° +2(2)* - 8(2)

=2
4

—2(=2)3 +2(-2)% - 8(—2)‘

16
= —2®) +2(9) - 16

- ﬁ— 2(=8) + 2(4) + 16]

=4-16+8—-16—(4+ 16 + 8 + 16)
= —20—(44) = —20 — 44 = [—64

Check your antiderivative (by taking a derivative):

d (x4 6x3  4x? )
— + — 8x

dx \ 4 3 2
4x3  (3)(6)x* (2)4)x
=% "3 t—3 °°

=x3 —6x°+4x—8



Check your antiderivative (by taking a derivative):

d [1x° _5x4_x4‘
dx\55/ 25 5

- 2(-3)

27
:——12—(—?+6):72—12—(—9+6)

=60—(—3)=60+3 =|63
Check your antiderivative (by taking a derivative):

d (7 2t —Btz 2 =1t2-2
de\ 3 K B




* * y1/2+1

f = Jxl/z dx = 1

B x=1 711 dx=1
13721 2,3/21*

[l -5
_2(4)37 2(1)3/2 2(8) 2(1) 16 2
-3 3 T3 3 33

16—2 (14|

=—— =3~ 4.667

Note that (4)3/? = (43)1/? = 6412 = /64 = 8, or
use a calculator to verify that 4*(3/2) = 8.
Check your antiderivative (by taking a derivative):

d [2x3/? 3\ /2
— (2N (2) 172 — 172 —
dx( 3 ) (2) (3)x X =V




(8] f =[Inx]{-; =lne—In1=1-0=]|1

Notes.
e Recall from Chapter 9 that f% = [x7ldx =

In x + ¢ (but, as usual, the constant of
integration doesn’t matter in a definite
integral because it would cancel out during
the subtraction after plugging in the limits).

e Recall from Chapter 5 thatlne = 0 and
In1=0.

e We first encountered Euler’'s number, e, in
Chapter 4.

Check your antiderivative (it may help to review

Chapter 5):

dl 1
dx nx—x



11 INTEGRALS OF TRIG FUNCTIONS

The integrals of the basic trig functions are:

fsin@dé) = —cosf +c
fcos@d@ =sinf + ¢

[tan@d@ = In|sec@| + ¢

fsec@d@ = In|sec@ + tan 0| + ¢
fcot@ d0 = In|sin 8| + ¢

fcsc@d@ = —Inj|cscf + cot | + ¢



Recall the following trigonometric relations and identities:

. 6’_5;11119 g = 1

an " cos9 ¢s¢ ~ sin®

g = 1 g = 1 _cos@
>t " cosf “0 " tan® sin®

sin® @ + cos? 0 =1
tan’6 +1=sec*8 , 1+ cot?H =csc?h
sinZ26 = 2sinfcosf , cos2f
= cos? @ — sin? 0
 radians = 180°



Example: Perform the following integral.

/2
J' cos 6 do
6=0
First find the antiderivative of cos 6.
/2
n T
f cos 8 df = [sin 9]§=0 = sin (E) —sin0
0=0
=1—-0=1

Recall from trig that:
180° 5 . . 5
. grad =g — = 90° and sin (g) = sin(90°) =
1.
e sin0 = 0.
Check the antiderivative: Take a derivative of sin @

to check the antiderivative (it may help to review
Chapter 3):

2 6 = 6
7 S0 = cos



Chapter 11 Exercises

Directions: Perform the following integrals.

Write your solutions down on a piece of paper. You can find the full
solution to each problem at the end of this chapter.



T
(1) fsin@d@ =
0

6

/3

® f tan 6 df =

6=0

/6

(3) f secO db =

O=—-1/6

/3

O f (6 + cos ) do =

6



Chapter 11 Solutions

(1) f sin df = [—cos0]F_,
9=0

=—cosm—(—cos0)=—-(-1)+1
=14+1=|2

Notes:

e wrad = 180° and cos(mr) = cos(180°) = —1.

e cos0 =1.

¢ —cost=—(—1)=1and —(—cos0) =
cos(0 = 1.

Check your antiderivative (it may help to review
Chapter 3):

d d _ .
@(—COSQ) = —ECOSG = —(—sinf@) = sinéb



/3
T

(2] f tan @ d@ = {lnlsec@l]g=0

6=0
I8
= In ‘sec§‘ —In|sec0| =In2 —1In1
In2—-0=|In2]=1]0.693
Notes:
T _ m180° _ o T\ _ oy — 1
ograd—3 - —6O,cos(3)—cos(60)—2,
T\ 1 1 _
and sec(g)—cos(g)—ll2 2.
e cos0O=1andsec0=—=-=1
cos 0 1

e In1 = 0. Use a calculator to determine that
In2 ~ (0.693147181.



/6
n
6

(3 ) f sec d@ = [In|sec 8 + tan 9|] -

6

0= 6

= In ‘sec% + tang‘ —In ‘SEC (— g) + tan (_E)‘

6
2
In
3
| 2+1I 2—1
= In|l—| — In
\/§ V3
= In ‘ I
NG
3 3 43
n - X =|In3|~|1.099
4 d




Notes:

T T 180°
e —rad =-
6 6 T

= 30°.

® COS (g) = c0s(30°) = g and cos (— g) —

cos(—30°) = ?

* sec (%) = cosl(z) = \/_3;/2 = % and sec (— g) =

6
1 1 2

Cos(—%) - V3/2 - V3
T

e tan (%) = tan(30°) = Tlg and tan (_E) =

tan(—30°) = —\/—15.

e Are you wondering if tan(30°) = g instead of

tan(30°) = %? You shouldn’t be wondering

this because both are the same. That’s

because — = va as you can see b
3o 3 Y y
: .. . 1 _ 13 _
rationalizing the denominator: ST REAEC

V3

3



Note that sec (— %) is positive whereas

tan (— %) is negative. That's because secant is

an even function (symmetric about the
vertical axis) whereas tangent is an odd

function (with an anti-symmetric graph)

1

How does In L%‘ —In ‘\/1_‘ equal In T + = ?

The way to see this is to apply the property of

logarithms that In (%) = Inp — In g, setting
3 1

pP=7 and g = NG

3 1 3 \/_

TR \/_ — = 3. Recall that the way to

divide two fractlons is to multiply by the

reciprocal of the second fraction. The
iprocal of = is >

reciprocal of —=1is —-.

Use a calculator to determine that In 3 =
1.098612289.



/3 /3 /3
(4] [(9+c059)d9= f 0 do + f cos 6 db

6=0

n
+ [sin 6] _

T 2
= (§2) — (;2 + sin (g) —sin0

77.'2
(?) V3 |n* 43
> 0t Bt
~ 0.548311356 4+ 0.866025404 =~ |1.414
Notes:
e The given integral is like [(y; + y,) dx =

[y dx + [y, dx, withy, = 8 and y, = cos 6.

e The first integral has the same form as
2

[xdx = x— with 6 in place of x.
e Zrad = Eﬂ = 60° and sin (3) = sin(60°) =

3 3

V3

5"



e sin(0 = 0.

T\ 2 T x\ 2 x?2
e (-] = —Dbecause(=] =—.
3 9 y y?

— 2 2 2 2

9 T T 2 T 1 T ..

° = 2 =—_—=+2=_"x-=— Todivide
2 9 9 1 9 2 18

by the fraction % multiply by its reciprocal,
which is %
e We used a calculator to get the numerical

values at the end of the solution.
Check your antiderivative (it may help to review
Chapter 3):
d (82 ) d 6% d 26

0 7+51n9 :dQ > +d931n9=7+(:059

=0 + cosf



12 INTEGRALS OF EXPONENTIALS AND
LOGARITHMS

The integrals of the basic exponential, logarithm, and power functions
are:

eax

e dx = L C
a

Inxdx =xlnx—x+c

bx
b* dx = |
X Inb ‘

The integrals of the hyperbolic functions (not the ordinary trig
functions) are:




sinhx dx = coshx + ¢

coshxdx = sinhx + c

tanh x dx = In|cosh x| + ¢

Recall the following relations and identities:

1
e = 2.718281828.. , e = pra e®=1 , In(e)=1 , In(1)=0
X 1
In(xy) =Inx+Iny , In (;) =Inx—Iny , In (;) =In(x~1') = —Inx
Inx
] 2y = g1 1 Xy — Inx — 1 —
n(x%) =alnx , In(e*)=x , e x , log,x ™3
. e* —e™ e¥ +e™* sinhx e*—e™
sinhx = , coshx = , tanhx = =
2 2 coshx eX+e™*
cosh? x —sinh’x =1 , cosh(—x) =coshx , sinh(—x) = —sinh(x)

sinh0 =0 , cosh0=1 , tanh0=0



Example: Perform the following integral.
1

f sinh x dx

x=0
First find the antiderivative of sinh x.
1

f sinh x dx = [cosh x]:-,

x=0

= cosh(1) — cosh 0
~ 1.543 — 1 = 0.543

eX+e™ X

Note that coshx = . This is a hyperbolic

function (not the cosine function from trig). We
used a calculator to get the numerical values at the
end of the solution.



Chapter 12 Exercises

Directions: Perform the following integrals.

Write your solutions down on a piece of paper. You can find the full
solution to each problem at the end of this chapter.






Chapter 12 Solutions

_[ 1] — 1 1
=~ _ =-1m - (-%)

- 0+2=[1
- - =

This is an ‘improper’ integral: Imagine that the
upper limit is x = L, such that the integral is
1 ]L 1

L -X
J,—, €™ dx. Integration gives [ =

X
e”lx=0

(— eio) In the limit that L grows to oo, the

expressmn approaches Zero.



® flnxdx=[xlnx—x]§=1
x=1
=elne—e—(1ln1-1)
=e(l)—e—]1(0) — 1]
=e—e—(0—1)=e—e—(—1)=e—e+1
=0+1=|1

Notes:

e [Inxdx = xIlnx — x + ¢ (butas usual, we
may ignore the constant of integration when
performing a definite integral, since it would
cancel out during the subtraction after
plugging in the limits).

e Ine =1.

e In1=0.



Check your antiderivative (it may help to review
the product rule from Chapter 2 in addition to
Chapter 5):

d

a(xlnx—x) =a(xlnx) —ax

= (x Lzt nx ) - &
—(xanx DX'a) ax

1
=x(;)-|—1nx(1)—(1)=1+lnx—1=lnx

2
(3) f coshtdt = [sinht]?.; =|sinh2 —sinh 1

t=1

2 2
~ 3.626860408 — 1.175201194 = |2.452

Notes:

X —-X

—€

o sinhx == . This is a hyperbolic function
(not the sine function from trig).
e We used a calculator to get the numerical

values at the end of the solution.



2?6 ]4 24 23 24 _ 23
x=3

4
Zx p [— - — _—
o f ax In 2 In2 In2 In 2

x=3
_16—-8 | 8
" In2 |In2
Note that we used a calculator to get the

numerical value in the last step.

~|11.542

Check your antiderivative (it may help to review
Chapter 5):

d (27 1 d(zx)_ 1 212 = 2+
de\ln2) " In2dx 7 "2\ 4T



13 INTEGRATION BY POLYNOMIAL
SUBSTITUTION

A common method for performing integration is to make a change of
variables. If an integral is over one variable x, it can be transformed
to an integral over a different variable u by making a substitution.

f fde= | gwdu

To apply the method of substitution to an integral, follow these steps:
1. Try to think of a substitution that will make the integral simpler.
Experience solving a variety of integration problems can help with this
step.

2. Write down the equation for your substitution, which relates u to x.
The two variables, u and x, should appear on separate sides of this
equation (with one variable on the left and the other variable on the
right).

3. Implicitly differentiate both sides of the equation from step 2: On
one side of the equation, take a derivative with respect to u and
multiply by du, and on the other side, take a derivative with respect to
x and multiply by dx. This is illustrated in the examples.

4. In the equation from step 3, solve for dx in terms of du.

5. For a definite integral, you must also determine the new limits of
integration. Plug the original lower limit, x4, into the equation from

step 2 to determine the new lower limit, uy. Similarly, plug in the
original upper limit, x,, into the equation from step 2 to determine the
new upper limit, u,.



6. Make all of the following substitutions into the original integral:
* Replace dx with the equation from step 4.

* Replace x with the equation from step 2.

Replace the old limits, x4 and x5, with the new limits, u; and us,.

7. Sometimes, the substitution that you try in steps 1-2 doesn’t work
out. When that happens, either try making a different substation or try
another method of integration (such as those described in Chapters
14-16).



Example: Perform the following integral.
f (3x + 4)° dx

It would be tedious to multiply (3x + 4) by itself
multiple times. The substitution below makes this
integral much simpler:
u=3x+ 4\

Implicitly differentiate the above equation:

e On the left, take a derivative with respect to u

and multiply by du.
e On the right, take a derivative with respect to

x and multiply by dx.
1du=3dx
_du
dx = ?

Since this is an indefinite integral, there are no
limits of integration to worry about. Substitute

d . .
dx = ?u and u = 3x + 4 into the original integral.

f(3x+4)5dx=f f—u—m—l—c

u® (3x + 4)6
=—+C=
18 18




Example: Perform the following integral.
/8

f cos(40) df
6=0
Make the following substitution:
u =460
Implicitly differentiate the above equation:
e On the left, take a derivative with respect to u
and multiply by du.
e On the right, take a derivative with respect to
8 and multiply by d6.

1du =4de
dG—du
4

Use u = 460 to determine the new limits of

integration: u; = 4(0) = 0and u, = 4 @

du

= g Substitute d@ = U= 40,u, = 0,and u, =

g into the original integral.



/8 /2

du 1
f cos(40) df = f cos(u)T Z[smu] /20
6=0 u=0
1, m 1 1
= Z(sz— smO) = Z(l —0) = 2

Note thatg rad = 90°, sing = sin90° = 1, and
sin 0 = 0.



Example: Perform the following integral.
2
f x4\ x3 + 8dx
x=1

This problem would be more difficult if the x?
weren’t present. How does x? help? Because the

N . .. d
derivative of the inside function is = (x> +8) =

3x2, which only differs from x? by a constant.
Make the following substitution:
u=x>+8
Implicitly differentiate the above equation:
e On the left, take a derivative with respect to u
and multiply by du.

e On the right, take a derivative with respect to

x and multiply by dx.
1 du = 3x° dx
du
dx =

"~ 3x2



Use u = x3 + 8 to determine the new limits of

integration:
u; =14+8=148=9 , u,=23+8
=8+8=16
Substitute dx = deb;, =9,and u, =
16 into the original integral.
2 16
fxzw./x3+8dx= f 2\/_@— f—du
x=1 u=9
16 16
= f idu=l f ul’? du
3 3
u=9 u=9
16 - 116
1 [ 1+1/2 1| y3/2 124372 16
3| 1| T3 3 B 5[ 3 ] )
1 +7 - I 7 | J u=9
_ E[ 3/2]16 _ E ' 1/2]
9 u=9 9



g[u\/_] 2(16\/1_6 — 9\/5)

2 2
=5[16(4) =93] =5 (64 —27) =

~ 8.222
142
Note that +1=- + =5 =5 (add fractions
with a common denommator) and ~=1+3=

3/2 2
1 X 2 = % (to divide by a fraction, multiply by its
reciprocal). Also note that u3/? = u'u'/? = uu
because u™u™ = u™*" and u'/? = Vu.

Alternatively, you can use a calculator to check
that 16*(3/2) = 64 and 94 (3/2) = 27.



Chapter 13 Exercises

Directions: Perform the following integrals.

Write your solutions down on a piece of paper. You can find the full
solution to each problem at the end of this chapter.

Part A



dx
L f2x+3_

/9

® f 6sin(30) dO =
9=0

Part B



Part C




Vr
2

6 f 0 cos(6?) dO =
=0

Part D



12x?2




(9, f\/l—\/}dxz

4
10] f\/3x—l—4dx =
x=0



Chapter 13 Solutions

Part A

oJ-236—1—3
u=2x+3 , du=2dx , dx=—

f dx _f 1 i _fl(du) du

2x+3 ) 2x+3 T ] u\2 2u
B du

2 u

1 1
:Elnu-l—c: Eln(2x+3)—l—c

Recall from Chapter 9 that an exponent of b = —1
is a special case of integrals of the form [ au® du:

In this case, f%u = [utdu=lnu+c.



/9

2 f 6 sin(36) d6
=0

u=360 , du=3d6 , df=—

u; =u(0)=30)=0 , u zu(z)

9
_ T
3
/9 /3
: du
j 6sin(30) df = f 6smu?
6=0 u=0
/3
T
= j 2sinudu = 2[— CcOS u]izo
u=0

n
= —2[cosul’_,

-2 (cos = cos0) = -2 G— 1)=-2 (_%)

=1




Notes:
7 180°

o Lrad ==L = 60°.
3 3 @
® COS (g) = cos(60°) = %
e cos0 =1.
e [sinfdf = — cos O + ¢ (but as usual, we may

ignore the constant of integration when
performing a definite integral, since it would
cancel out during the subtraction after
plugging in the limits).



Part B

0 [
Vi1
u=x—-1 , du=dx , dx=du
dx _ d_u= du [”1/2du
/x_l \/a ul/z
2y~ 1/2+1 172
=1 +C—ﬁ+c—2u1/2+c
e /
=2Vu+c=|2Vx—1+¢
Notes:
du
'a——(x—l) ax——l 1—-0=1.
Therefore, du = 1 dx = dx.
. u='z,11/25md1f1/2—ull/2
e —1i1q1=_t, 2 _“t2_1 41l =-1=
2 2 2 2 1/2
l=1x2=2=2
2 1 1



du
, du=2tdt , dt=—
2t
u(O):02=O , U, = u(oo) (oo)zzoo




This is an ‘improper’ integral: Imagine that the

upper limit is L, such that the integral is

1 0L _ . _ X )
2Ju=0€ Y du. Integration glvesg[_e u]ﬁ:o _

% |—e™ — (—e?)]. In the limit that L grows to oo,

: _ 1
the expression e % = " approaches zero, such
that%[—e““l‘ — (—e")] approaches % [—0 —

(-DI=5(-0+D =31 =3



Part C

© fx‘LmZ

u=x*—2 , du=4x3dx

, dx =

f 8x3 . _f8x3du_f2d _, du
2T ) s T )yt T u

=2lnu+c=[2In(x*-2)+¢

Notes:

« E=l (- =sat-S2=43 - 0=

dx
4x3. Therefore, du = 4x3 dx.
e Recall from Chapter 9 that an exponentof b =
—1 is a special case of integrals of the form
[ au® du: In this case, f%u = [utldu=

Inu + c.



iy

6 0 cos(8?) d6
6
0>, du=20d0 , do=2
“Ev o auE Y
u; =u(0) =02=0
_ (Vm\_(Vr\ _ =
T 2)T\Z2) T4
vm
2 /4 p
f@cos(@z)dez 9cosu%
6=0 u=0
/4
N N T
=3 f cosu “_E[Smu]u=o
u=0
1, mw 1/V2 1/vV2\ V2
ZE(SIHZ_SIHO) 25(7—0)22(7) = T



Notes:

° % rad = %1?0 = 45°,
e sin (E) = sin(45°) = g
e sin(0 = (.

e [cos0df =sinf + c (but as usual, we may
ignore the constant of integration when
performing a definite integral, since it would
cancel out during the subtraction after
plugging in the limits).



Part D

12x%
o ,[(x3 162 Y

3 ) du
u=x>4+16 , du=3x“dx |, dx=—2
3x
f 12x% g _[12952 du_flld
GP+162 " ) 2 3x2 ) 2™
du .-..2 4yt
= 4 Fzélfu du=_2+1—l—c
4yt » 4
= t+tc=—4u""+c=——+c¢
—1 u
| x3+16 ¢
Notes:
du _ d 3 — 2,341 % 16 = 342
o dx—dx(x +16)—dxx +dx16 3x° +

0 = 3x2. Therefore, du = 3x? dx.
1

e 2+1=-Lu?=—andu™t=-
u u



l /4
sin(\/g)
5 6 IO — ds

2 /4
QIO

\/_

1 do
u=vo =02, du=z0""2d0 =7
do
= — do =2v0 d
78 VO du
° 2 w
u1=u(0)=\/6=0 , uzzu(Z)z T=E
\/_ /2 |
sin(v6 sinu
( )dQ = (2V6 du)
Ve Vo
u=0
/2
A
=2 sinudu = 2[—cosu]?_,
u=0
r T
— 2 = _ - —
2|cosul:_, 2 (cos >~ oS 0)

=-2(0—1) = -2(-1) =2




Notes:

™ 180°
2 1
® COS (g) = cos(90°) = 0.

= 90°.

T
e —rad =
2

e cos0 =1.

e [sin@dB = — cosB + ¢ (but as usual, we may
ignore the constant of integration when
performing a definite integral, since it would
cancel out during the subtraction after
plugging in the limits).



Part E

@fJ:dx

u=1—-+x=1-x%2 |, du=—%x“1/2dx
= — :ic/zz_d_x , = —2Vx du
f’l— xdx—f\/_( 2v/x du)
:—Zf\/a\/fdu

Add v/x to both sides of the equationu = 1 — v/x
to get u + vx = 1. Subtract u from both sides to

getvVx = 1 — u. Therefore, we may replace vx
with 1 — wu.



—Zj\/ﬂ\/}du=—2f\/a(1—u)du
- —zful/z(l—ul) du
= —2[’1,:,1/2 du—qul/z(—ul) du
= —qul/zdu+2ju1/2u1du

— —qul/zdu+2fu3/2du

29 1/2+1  9,,3/2+1

= — + + C
1 3
2udl2 2yd/2 Ay3/2  4yn/?
3/2 | 5/2 ¢ 3 5 ¢
4ud/?  4y3/?
— - +
5 3 ¢

5/2 3/2
(') N ')




Notes:
du _ d g 1/2y = %4 _ % 172 _ o _
¢« —=—(1-x"?)=—1-—x2=0

dx dx

1 -12 1 12 _dx _ _ dx
zx 2 X 2x1/2 2V’
Therefore, du = — 7, such that dx =
—2/x du.

o Vu(l—u) =Vu—uvu=u? —uul/? =

ul/Z — 1yl/2 = 1/2 _ 43/2 hecause xMx™ =
xm+n
e Note that u = u! and Vu = u?/2.

1 1 2 142 3 3 2
e ly1=14Z=1 393 41=342=
2 2 ' 2 2 2 2 ' 2
342 5

2 2

2 3 2 4 2 5
6 —=2+--—=2X-=-gagnd—=2+-=2X
3/2 2 3 3 5/2 2

2 4

5 5

4ud/2 ayS/2 4u5/?

¢ Going from — S + - + c to

4u3/2

+ ¢, we applied the identity —a + b =
b — a.



4
10 f V3x + 4dx
x=0

du
u=3x+4 , du=3dx |, dx:F

u, =u(0)=30)+4=4 , u, =u(4)

=3(4)+4=12+4=16
16

f 3x + 4dx = f\/_ f\/_du

x=0 u=4
16 - qu=16
~ 1 1z g 1 |41/2+1
3 u U=z i "
u=4 2 u=4
~ 1 y3/2 u=16 _l 293/2 u=16 ) E[ug/z]u—lii
~3[3/2 303 ], 9 u=4

——(1 3/2_43/2
2 (162 - 47)

Q

12.444

2 2




Notes:
d d d
¢ —(Bx+4)=—3x+—-4=3+0=3.
Therefore, du = 3 dx.

o ul/? =/u.
1 1. 2 142 3 1 3
._+1:_+_:—:—and—=1——=1><
2 2 2 2 3/2 2
2 2
3 3

e Note that (16)%/2 = (161/2)" = 4% = 64 and

(4)3/2 = (41/2)3 = 23 = 8 because x™" =
(x™)™ = (x™)™, Alternatively, use a calculator
to verify that 16*(3/2) = 64 and 4"(3/2) = 8.



14 INTEGRATION BY TRIGONOMETRIC
SUBSTITUTION

Trigonometric substitutions are often helpful for two types of integrals:
« integrals involving trigonometric functions, like those below.

sin 8
fsin@cos@d@ ) fsin39 de j
cos* 0

- integrals where x2 is added or subtracted to a constant, like
those below.

f\/xZ—-l-éde : f9--x2 f(x2m1)3/2

It may help to recall the following trigonometric identities and
relations:

X 9_81119 9 = 1

WMT= s 7 Y Tsing

g g — 1 _c059
Y = os0 0 Y T @ne sing

sin? +cos?f =1 , tan’6 + 1 =sec?d
1+ cot? @ = csc? 6
sin 20 = 2sinfcosf® , cos26 = cos® O —sin? A
1 —cos 20 1+ cos 26

2 _ 2 _
2

sin“ @ = . cos? 8 =

2



Notes:
For problems that involve expressions of the form
(a® — x%)P:
e Make the substitutions x = asin@ and dx =
acos B do.
e Note thata? —x? = a®> —a?sin’ 6 =
a’(1 — sin? 8) = a? cos? 6. The reason is that
sin® @ + cos? 0 = 1, such that cos? 0 = 1 —
sin® @.
For problems that involve expressions of the form
(x? + a?)P:
e Make the substitutions x = atan 8 and dx =
a sec? 6 do.
e Note that x? + a? = a’tan® 0 + a? =
a’(tan? 0 + 1) = a® sec? 0. The reason is that
tan? 6 + 1 = sec? 6.



For problems that involve expressions of the form
(x2 — a®)P:

e Make the substitutions x = asec8 and dx =
a secBtanf do.

e Note thatx? — a? = a’sec? 8 —a
a’(sec? 8 — 1) = a* tan? 0. The reason is that
tan® 8 + 1 = sec? @, such that tan? 8 =
sec? g — 1.

Note that the constant a is squared in (a® — x?)P,
(x% + a?)?, and (x? — a?)P.

e Example: Vx2 + 4 = Vx2 + 22 = (x? + 29)1/2,
Here,a =2andp =1/2.

e Example: 9 — x? = 32 — x?. Here, a = 3 and
p =1.

2 2 _



Example: Perform the following integral.

f sin3 8 cos 0 d6

Cosine is the derivative of sine, which makes the
following substitution helpful:
u = sin6
Implicitly differentiate the above equation:
e On the left, take a derivative with respect to u
and multiply by du.
e On the right, take a derivative with respect to
6 and multiply by d@.

1du =cosf db
Since this is an indefinite integral, there are no

limits of integration to worry about. Substitute
du = cosf df and u = sin 0 into the original

integral.

4 sin* 9

u
jsin39cost9d9=fu3du=1+c= 7 +c




Example: Perform the following integral.
f sin” 8 d@

The following trig identity is helpful for this
integral:
" 1 —cos 26
sin“ 8 =
2
Substitute the above expression into the integral:

. 1 —cos 26
sin“ 8 d@ = > 6

—fldﬁ fcosZQdQ
)2 2

—1fd9 1[ 20 do
=3 5 | cos

The first integral is trivial: [ d6 = 8 + c. For the
second integral, make the following substitution:

u =20
du=2d6

du
df = —

2



Since this is an indefinite integral, there are no

limits of integration to worry about. Substitute

df = d?u and u = 26 into the second integral.

1 1 1 1 du
—fd@—zfcoswd@=—fd9——fcosu—

2 2 2 2
—1fd9 1[ d
=5 4 | cosudu
1 1 1 1

=59—Zsmu+c =59—151n29+c



Example: Perform the following integral.
/2

f cos3 0do
9=0
Apply the identity sin® 8 + cos? 8 = 1, after
rewriting it as cos? 8 = 1 — sin® 6.
/2 /2
f cos* 0df = f cos? 0 cos 0 db
6=0 0=0
/2
= f (1 — sin® 8) cos 0 d@

6=0
/2 /2

= f cos 0 df — f sin? @ cos 0 dO
6=0 0=0
We distributed: (1 — sin® 8) cos 8 = cos 8 —
sin® @ cos 0. The first integral is trivial. For the
second integral, make the following substitution:
u = sin 6



Implicitly differentiate the above equation:
e On the left, take a derivative with respect to u
and multiply by du.
e On the right, take a derivative with respect to
6 and multiply by df.
1du =cosf do
Use u = sin @ to determine the new limits of
integration:
u; = u(0) =sin0 =0

U, = U (g) = sin (g) = sin 90° =

Substitute du = cos @ df,u = sinf,u; = 0,and
U, = 1 into the original integral.

/2 /2
f cos 0 df — f sin® 0 cos 8 df
9=0 8=0

1
sm@ f u? du



[

= 1

w3l
= [sin Q]gfo — I—‘ = [sin 6]
u=0

= sin (E) —sin0 — 1(13 — 03)

2 3
=1-0 1(1 0) =1 1(1)—1 1_2
B 3 B 3V 3 3

~ (0.667

180°
Note thatg rad = g

1, and sin 0 = 0.

= 90°, sin (g) = sin90° =

T



Example: Perform the following integral.

3
j‘ dx
A Vx? +9
Rewrite x? + 9 in the form x? + a?. This requires

that a® = 9, which means a = 3. Now the integral
looks like this:

3 3
dx B dx
Since x“ is added to a constant, according to the
first page of this chapter, we should make the
following substitutions:
x =atanf = 3tan6
dx = asec® 9 d0 = 3sec?0do
Solve for 8 in x = 3tan @:

0 =tan~?! (g)

Use the above equation to determine the new
limits of integration:



6, = 6(0) =tan~t (g) = tan"1(0) =

0
3 /s
6, = 6(3) =tan™* (§) =tan"1(1) = "

Recall from trig that tan 0 = 0 and tan G) =

tan 45° = 1. Substitute dx = 3sec? 8 db, x =
3tanf,6; = 0,and 6, = g into the integral.
/4

3
J’ dx 3sec? O db
g Vx? 432 ) /(3tan6)? + 32

/4
3sec? O db
V32 tan2 6 + 32
9=0
/4
3sec? 6 db

2 2
020 J32(1 + tan2 6)



/4

/4
3sec’ O db B f 3sec? 8 db
0=0

V32sec? 6 3sect
=0
/4
L
= f sect df = [In|sec® + tan 8], _,
9=0
T T
= In ‘sec (Z) + tan (Z)‘ — In|sec(0) + tan(0)|

=In|v2 + 1| — In|1 + 0]
=In|v2 + 1| —In(1) = In|v2 + 1| = 0
=In|[v2 + 1| ~ 0.881

Note the following:
1 2

I3 — o J— —_
® secC (Z) = sec45° = osis — 5 V2 and

tan G) = tan 45° = 1.
° % = /2 because V2v2 = 2.

1
cos O

e sec(0) =
0.
e [secHdf =In|secH +tanb| + c.

= % = 1,tan0 = 0,and In(1) =



Chapter 14 Exercises

Directions: Perform the following integrals.

Write your solutions down on a piece of paper. You can find the full
solution to each problem at the end of this chapter.

Part A

0 f\/lzixz N

/3

® fcos‘*@sin@d@z
0=0



/4

(4] f tan® 0 dO =
9=0

art C



(5] fsin‘*@d@z

6 x=fo (xchlicl)2 B

Part D



® [ G-

/2

cos 6
0 f d9 =

sin3 @
O=m/6




Chapter 14 Solutions

Part A

0 f dx _[ dx
V16 — x2 V42 — x2
x =asinfd = 4sinf
dx =acos@db = 4cosfdb

f dx B 4cosfdb
V42 — x? J4% — (4sin 9)2
4 cos B db 4 cos @ do

) VAT " 4zginzg J4%2(1 — sinZ 9)
B 4c059d9_j‘4c059d9
- JVa%cos? o 4 cosb

X
= |sin~?! (—) +c

:fd9:9+c




Notes:
o 42 —425in% @ = 4%(1 — sin® @) = 42 cos* O
because sin® 6 + cos? 6 = 1.
e In the last step, 8 = sin™?! G) follows from
x =4sin6 —:E: sin G.
/3
(2] f cos* O sin @ do
6=0
u=cosf , du=-—sinfdo

u, =u(0) =cos0 =1
U, =u (g) = COS (g) = c0s(60°) =
1/2

/3
f cos*@sinfdf = f u* (—du) = —
6=0

u=1 u=1

u? du

N N



:_%(2 _15) 5
=‘§(l 3232)
_ _%(_?) — % ~[0.194
Notes
o Zrad =222 = g0°
3 T



Part B

dx
© fx2+25 fx2+52

x =atan@ =5tanf
dx = asec?0df = 5sec? 0db
dx 5sec’0df 5sec? 0 df
{x2+52_ (5tan@)2 + 52 ) 52tan? 6 + 52
B 5sec? 8 df
_f52(tan29+1)
_ [5sec*0dp  [do 1 B
eezs =] 5 75) =3

%tan“1 (g) + ¢

Notes:
e 52tan® @ + 5% = 5%(tan®* @ + 1) = 5%sec?#
because tan? 8 + 1 = sec? 9.

e In the last step, 8 = tan™1 @) follows from

x =5tan@ —>§=tan9.



/4 /4

O f tan3 6 dO = f tan® 0 tan 8 d6
6=0

6=0
/4

= f (sec’8 — 1) tan 6 d6
9

20
/4 /4

= f sec?@tan 8 do — f tan @ d6
=0 0=0

Note that tan? 8 = sec” 8 — 1 follows from

tan? 6 + 1 = sec? 0. Distribute to see that

(sec’ — 1)tan O = sec? O tan @ — tan 6.
u=tand , du=sec?8db

u; =u(0) =tan0 =1

TC

U, =1u (Z) = tan (%) = tan(45°) =1



/4

0=0

/4

fseczﬁtanﬁdﬁ— f tan @ d6

6=0
1 /4

= fudu— ftan@d@
u=0 6=0

T

— [lnlsec@l]g=0

1% 0°

=5 (ln‘sec%‘ —1n|SEC0|)



1 1
=§—O—(1n\/§—ln1) =E—(ln\/§—0)

1 1 1 1
=|=—InV2|=|z—In21/2|=|=—-=In2
5 l’l\/_ > n 7 21’1

1
= 5(1—11’12) ~(0.153

Notes:
e On the last line, we applied the rule Inx% =

a ln x to write In 21/2 = %ln 2.

o EI‘ad:EiOo:é}SC’.
4 4 1
T o __ 1 _i_
secz—sec45 —COS%O—\E—VZand
1 1 2
secO—Coso—I—1.N0tethatﬁ—\/2

because V22 = 2.

[tan 8 d@ = In|sec 8| + c (but as usual, we
may ignore the constant of integration when
performing a definite integral, since it would
cancel out during the subtraction after
plugging in the limits).

Recall from Chapter 5 thatln1 = 0.



e We used a calculator to get the numerical
value at the end of the solution.

e An alternative way to solve this problem is to
Tia3

: sin
write tan3 9 = ,
cos3 @

rewrite sin3 0 =

sin® 8 sin @ = (1 — cos® 8) sin 8, separate the
integral into two integrals, and make the
substitution u = sin 8 and du = cos 6 d6.



Part C
(5) fsin4 0do = f sin? 0 sin® 6 d@
= f(l — cos? ) sin® 6 dé
= [(sin2 0 — cos? @ sin” Q) do

= f(sin2 6 — sin” 6 cos® 6) dO

Note that sin? @ = 1 — cos? 8 follows from
sin? @ + cos? @ = 1. Distribute to see that
(1 — cos? 0) sin® @ = sin? @ — cos? O sin? 0.



f(sin2 6 — sin? 0 cos? 0) d6

= f[sin2 6 — (sin 6 cos 6)*] d6
. sin 26\°
=f sin 6’—( ) do
2
sin” 26
:f(sinzéi— 1 )dé)

_J’(l—COSZQ 1—cos49)d9
B 2 8
_f(4—4c0529 1—cos49)d9
B 8 8
1

=§f[4—4c0529—(1—cos49)] ao

1
=§f(4—4c0529—1+cos46)d9

1
ng(3—4COSZQ+COS49)d9



—1r3d9 1[4 20 do
oy 3 COS
+ Ll 46 d6
8 | COS
Notes:
sin226 -2 2 .
° = sin“ @ cos“ @ because sin 26 =
2sinf cosf — sin2b _ sin 8 cos 6.
o sin? 9 = 1°°°2% 4d sin? 29 = =527

(double the angles on both sides).

u=20 , du=2dodo
du _
=5 (second integral)
v=40 , dv=4d6 , db

dv o
= (third integral)

1f3d9 1r4 26d8+1f 46 d6
g §J COS g COS

_3rd9 4[ du+1f dv
=3 3 cosu2 3 cos.v4




=) a0 [ ez 5
—8 COS’LL 3 COSU

fd@——fcosudu +§ cosvdv

§9 —Zsmu +§smv+c

= 39 . 20 + . 40 +
=g 4Sln 32511’1 C

6 1x2+1)2_ f(x2+12)2

x=atanf = 1tan08 = tanf
dx = asec’0df = 1sec®*0df =sec?0db
Since x = tan @, it follows that 8 = tan™1(x).
8, = tan~1(0) = 0

T
6, = tan (1) = 45° = Zrad



1 /4
[ dx sec? 6 dg
(x2+1)2 (tan? 6 + 1)2
x=0

6=0
/4 /4

sec® 0 dg B J‘ sec? 6 do
B sec? 0

6=0 6=0
/4 /4

ae ,
= fseczf?: fcos 6 do

6=0 6=0

1+ cos 26
=



16 + f cos 20
2
0=0
/4 /4
f do + = f cos 26 do
6=0 6=0
du
du=2d6 , df = -
7T 7
— , uZ — 2 (Z) — E
/2
+% f cosudz—u
u=0




Notes:

tan? 0 + 1 = sec? 6.

1 1
secO = such that = cos 6. Recall the
cos @ sec 6
) ) 1+cos 28
identity cos? 6 = —
T T 180° T T 180°
—rad = - = 45°and —rad = — = 9(0°.
4 4 1 2 2 T

Sing =sin90°=1andsin0 = 0.

Note carefully that the upper limit of the 8
integrals is %* whereas the upper limit of the u
integral is gbecause u = 26.

We used a calculator to get the numerical
value at the end of the solution.



Part D

dx dx
7 f(g_xZ)S/Z =j(32 — x2)3/2
x=asinf = 3sind
dx—ac059d9=3cost9d9

3cosfdob
f (32 — x2)3/2 f [32 — (3sin §)2]3/2

B 3}‘ cos 6 do
7 ) (32— 32%sin29)3/2

; f cos @ db ; cos @ de
[32(1 —sin20)]3/2 7} (32 cos? §)3/2
f cos @ db B 3 fcos@d@
33cos30 33) cos30

—1f ao —1f 29d9—1t 0 +
32 coszg 9 > —gan ¢

sin @ N sin @
= cC =
9cosd 9v1 —sin? @

+C




= - C
Y\ 2
oJ1-(3)
X X
— Fel= F C
X2 9v9 — x?2
27 —g

Notes:
e 32 —32%5in?@ = 3%(1 —sin® @) = 3% cos* B
because sin® 8 + cos? 6 = 1.
e (32 cos?8)3/%2 = (32)3/2(cos? 9)3/2 =
33 cos? 8 because (x™)" = x™

o 3 -3 —31-3 —3-2 =1 _ —because T
33 ~ 33 T 32 xm
xm n
cos @ 1 2 X 1

° = = sec” @ because — = — and
cos3 @ cos2 @ x3  x?

= secé.
cos @



e [sec? 8 df = tan 0 because ;—gtan 0 = sec’ 0

(as noted in Chapter 3).
e sinf = gsincex = 3sin @ and cos 8 =

v1 — sin? @ since sin® 8 + cos2 0 = 1.

-27/1—— (9)(3) 1—— 99 1__:

9\/9(1——)—9\/—7362

/2

j cos 6 16
sin3 @

6=m/6

u=sinfd , du=cosfd@

U =u (g) = sin (g) = sin(30°) = %

uzz =Uu (g) = sin (g) = sin(90°) =1

7/ cos 6 19 — - d_u_ f .
sin3g 3

0=1/6 u=1/2 u=1/2



y3+ ! ik
=341 1 -2 1
u= U=

B 1[__2]1 1 1]1 B 1[1 1 ]
T2 LAl T T = 211 (1/2)
1 3
Note that Zrad = 2222 = 30°, Zrad = m180° _
6 6 7 2

2 T

o ! 121 2 =
9O,and(1/2)2—1.4—1><1—4.



15 INTEGRATION BY PARTS

Integration by parts involves using the following formula.

udv=uv—1\| vdu

For a definite integral, remember to evaluate the term uv over the
limits:

f f
f

P vdu

udv = |uv]

l l

To apply the method of integration by parts, follow these steps:



1. Given an integral of the form [ f(x) dx,
rearrange f(x) dx in the form u dv, as
illustrated by the examples that follow. Your
goal is to choose u and dv in a way that makes
the integral [ v du easier to perform than

[ f(x)dx.

e When you choose dv, make sure that you
can find its antiderivative, v. Remember
that dv includes dx.

e Focus on vdu. You want this to be simpler
than udv.

e If the integrand is a product of two
functions, like [ x? In x dx, first try either
u=x?anddv = Inxdx oru = Inx and
dv = x? dx.

e Experience solving a variety of problems
can help with this choice.



2.Find the antiderivative of dv. This is v.

3.Find the derivative of u. Multiply by dx. This
is du.

4.Use the formula for integration by parts:

fudv=uv—fvdu

For a definite integral, remember to evaluate

the term uv over the limits:
f f

fudv = [uv]{ —fvdu
i i
5.1f [ v du doesn’t seem any easier than
| f(x) dx was, try starting over with a new
choice for u and dv. It may take a little trial
and error to get it right.



Example: Perform the following integral.

fxsinxdx

Identify u and dv from x sin x dx:

e Neither a derivative nor an antiderivative of
sin x would make this function any simpler
than it already is.

e A derivative of x is simpler than an
antiderivative of x. Going from u to du
involves taking a derivative. Therefore, we
should try u = x.

e Then dv = sinx dx, such that x sin x dx =
u dv.

Use u = x and dv = sin x dx to find du and v:
e Take a derivative of u = x with respect to x

and multiply by dx to find du:
du =2 g [ ] = 1dx=d
u= dx (x)|dx=1dx =dx

e The antiderivative of dv = sin x dx equals v:

v=fdv=fsinxdx= — COS X



Plugu = x,v = —cosx, du = dx,and dv =
sin x dx into the equation for integration by parts:

Judv=uv—fvdu

fxsinxdx = x(—cosx) — f(— cos x) dx

fxsinxdx= —xcosx+fcosxdx

= —xcosx+sinx+c

Check the answer: We can check the answer by
taking a derivative. This involves the product rule
with f = x and g = cosx.

d

XCcosx +sinx +c
dx( )

d d
=—= — (x cos x) +asmx +ﬁc

d
= —a(fg) + cosx + 0
df
( dx+fdx

)+cosx



d d
= — (cosx—x +x—cosx) + COS X
dx dx

= —[cosx (1) + x(—sinx)| + cosx
= —(cosx — xsinx) + cosx
= —COoSX +XxSInx + Cosx = xSinx
Distribute the minus sign to go from —(cos x —
X Sin x) to — cos x + x sin x. The two minus signs
effectively make a plus sign.



Example: Perform the following integral.
e

f x3Inxdx
x=1
Identify u and dv from x3 In x dx:

e A derivative of In x is simpler than an
antiderivative of In x. Going from u to du
involves taking a derivative. Therefore, we
should try u = In x.

e Then dv = x3dx, such that x3Inx dx = u dv.

Use u = Inx and dv = x3dx to find du and v:
e Take a derivative of u = In x with respect to x
and multiply by dx to find du:
du d 1 dx
du =—dx = (—lnx) dx = — dx = —
dx dx X X

e The antiderivative of dv = x3dx equals (%

v—fdv—f 3dx—

Plugu =Inx,v = T du = ? and dv = x3dx into

the equation for integration by parts:



f f

fudv= [uv]{—fvdu

l [

[ s ()]

[x*

1 1
=Z(e4lne—14ln1)—zl

1
4

1 1/e* 1
=—(e*-0)——|——-— =
PACH 4(4 4)

_4e —e4+1 3et +1

e
1
Inxlss f

[e*(1) — 1(0)] —

1

4

84

(

64 14
4 T)

et 1

!

16 T 16

16

16

~ 10.3



Note the following:
e Inl1=0andIne = 0.

1 (e‘* 1) 1 (e‘*) 1 ( 1) et 1
o ——|——— =—-—)]--|--)=——4+ —.
4\ 4 4 4\ 4 4 4 16 16

The minus gets distributed.

et 4% i
¢ = This was used to make a common

denominator.
e We used a calculator to get the numerical
value at the end of the solution.



Chapter 15 Exercises

Directions: Perform the following integrals using integration by parts.

Write your solutions down on a piece of paper. You can find the full
solution to each problem at the end of this chapter.

Part A

O | xe¥dx =

/2

® f X cosx dx =
x=0



Part B

/6

(4] fsinxtanxdxz
x=0

Part C



(5) fxz cos x dx =

(6) fexsinxdx =



Chapter 15 Solutions

Part A

(1] fxexdx
u=x , dv=e*dx
du d
duz—dxz(—x)dledxzdx
dx dx

v=fdv=fexdx=ex
fudv=uv—fvdu
fxexdx=xex—fexdx

= xe* —e* +¢c =

e*(x—1)+c




/2

(9] fxcosxdx
u=x , dv=cosxdx
du="g (d )d 1dx =d
u=——dx={— x =1dx = dx

v:fdv=fcosxdx:sinx



f f
judv= [uv]if—fvdu

I i

/2 /2
: /2 :
fxcosxdx=[xsmx]x:0— ] sin x dx
x=0 x=0
T 2
—Esmi—OsmO—[—cosx]x:O
T n
= E(l) — 0+ [cosx]Z_,
T T
=§+COSE—COSO
i 0-1=|2—1|~[0571
2 2 =




Notes:

e [sinxdx=—cosx+c.
T T 180°

e —rad =— = 90°.
2 2 1

o sin% =sin90° =1 and cos% = c0s90° = 0.
YA w
e —|—cos x]gzo = |cos xE:O' Two minus signs
effectively make a plus sign.
e We used a calculator to get the numerical
value at the end of the solution.



Part B

1nx
0 |5
dx
u=Ilnx |, dv=—2
X
du d 1 dx
du——dx—(—lnx)dx —dx—x
=241 =1
-2
v_fdv_f f dx_-—-2+1 1
B T x

fudv=uv—fvdu
[Srar=mn(=3)-[ ()%

Inx dx Inx 5
= —— —=——+ | X dx
X X X
lnx+ x~4t1 N lnx_l_x“‘“1 N
= — cC = — C
X —2+1 X —1
In x ) Inx 1
=———x'4c=—-—+—=+c
X X X

1
= —;(lnx +1)+c (factor out — —)




/6

(4] f sin x tan x dx
x=0

u=tanx , dv =sinxdx
du d ,

du =—dx = (—tanx) dx = sec® x dx
dx dx

vzfdv:fsinxdxz—cosx
T/6

f sin x tan x dx
x=0

= [(tan x)(— cos x)]%%
/6

— f (— cos x) sec? x dx

x=0



/6

/6
= —[cosxtan;\c];,ci0 + f cos x sec® x dx

x=0
/6
sin x17%/© 1
=—[cosx ] + f COS X > dx
coS xl,—q COS* X
x=0
/6
dx
Te /6
= —[sinx], L, + f p—
x=0
/6
= — (sinE — sinO) + f secx dx
6
x=0
1 n
= — (E — O) + [In|sec + tan 8]]S_,
S [sec— + tan -
—_ — = ni|sec— dll —
2 6 6
lnIsecO + tan 0|
1
=——+1n l In(1 4+ 0)
\/_ V3

1 3 1
——E+1nﬁ—ln1 = —E+ln\/§

0.0493

Q




Notes:

d
e —tanx = sec? x.
dx

sin x
® secx = and tan x = .
COos X COS X
180°
e “rad == = 30°.
6 6 T
s o _ 1 1 _ 2
® SeE T sec 307 = cos30°  V3/2 ﬁand
i o L 2
tan— = tan 30° = NES (Note that 7 18 the same
24/3 1 3. . .
as 2v3 and that = = ¥3 if you rationalize the
3 V3 3
denominators.)

e In1 =0.
e We used a calculator to get the numerical
value at the end of the solution.



Part C

(5) fxz cos x dx

Uu=x , dv =cosxdx

u d)—Zd
dx dx = 2x dx

fdv=fcosxdx=sinx
fudvzuv—fvdu

fx cosx dx = x* sinx—fsinx(Zx dx)

= x?2 sinx—fosinxdx

Now integrate by parts a second time, with a new
choice for u and dv:

u=x , dv=sinxdx
du =4 (d )d | dx = d
u_dx X = 7 X = x = dx

v=fdv=fsinxdx=—cosx



xzsinx—fosinxdx
=x25inx—2(uv—fvdu)
=x25inx—2uv+2jvdu
= x%sinx — 2x(—cosx) + 2](— cos x) dx

= x%sinx + 2xcosx—2fcosxdx

2

=x°sinx + 2xcosx —2sinx +c¢

=|(x*—2)sinx + 2xcosx + ¢




(6 fexsinxdx
u=-sinx , dv=e*dx

du d
du—— x—(—smx)dx—cosx dx

v—fdv—fe dx = e”*

fex sinx dx = (sinx)e* — f e* cosx dx

= e*sinx —fexcosxdx

Now integrate by parts a second time, with a new
choice for u and dv:

u=cosx , dv=-e*dx
du d .
du = —dx = (—cosx) dx = —sinx dx
dx dx

v=fdv=fexdx=ex



eXsinx — f e* cosxdx
= e*sinx
— [(cos x)e* — f e*(—sinx) dx]

= e*sinx — [ex COS X +fexsinxdx]

= e*sinx —e* cosx — f e*sinx dx
Set the original integral equal to the last equation
above:
f e*sinxdx = e*sinx —e* cosx — f e* sinx dx

The ‘trick’ is to add [ e* sin x dx to both sides (and
add the constant of integration):

Zfex sinxdx = e*sinx —e*cosx + ¢

Divide both sides of the equation by 2.

. e¥sinx e*cosx
e*sinxdx = 5 — > + c

ex
= ?(sinx —cosx) +c¢




Check your answer: Take a derivative, applying
the product rule.

d re*
dx[ (smx—cosx)+c] (fg)+—c
d df
P +0=g9-— f
_ d e* e* d _
—(smx—cosx)dx > + 5 dx(smx—cosx)
e* e*
= (sinx — cos x) (7) + 5l (cosx + sinx)
ex
zi(sinx—cosx+cosx+sinx)

X

e
= 7(2 sinx) = e*sinx



16 MULTIPLE INTEGRALS

To perform a double or triple integral, follow these steps:
1. Note that you may reverse the order of the differential
elements. Don’t worry about whether you see dxdy or dydx.
The order of the differential elements doesn’t tell you which
integral to do first.
2. Look at the limits of integration: If you see an integration
variable (like x, y, or z) in the limits of integration, you must
perform the integral with the variable limit first. You will see
variable limits in three of the examples that follow.
3. When you integrate over one variable, treat the other
independent variables as if they are constants. For example,
when performing an integral over the variable x, treat y as a
constant. Similarly, when performing an integral over the
variable y, treat x as a constant. We will see this in the
examples.
4. After you finish one integral, evaluate its antiderivative over
the limits before you begin the next integral.



Example: Perform the following integral.

2 x?
f fxydxdy

x=0y=0

We must integrate over y first because the
integral over vy has a variable limit (x?). When we
integrate over y, we treat the independent
variable x as a constant. Pull x out of the y integral
(but be careful not to pull x out of the x integral).

2 x? 2 x?
f fxydxdy= fx fydy dx
x=0 y=0 x=0 \y=0
2 - 2
_ J/_ d _1 [2]x2 d
= X 7| x—z x|y“ly=p dx
x=0 y=0 =0




x=0
o 1[x6]* 1
X
2 [xsdx=§? _ =ﬁ[x6]§=0
x=0 x=0
1 64 64 +4
_— 6 e S— = —_-—=
0%) 12(64) 12 12+ 4
16
= — =~ 5,333

3



Example: Perform the following integral.

1/y 3
f ] xy? dx dy
x=0 y=1

We must integrate over x first because the
integral over x has a variable limit (1/y). When
we integrate over x, we treat the independent
variable y as a constant. Pull y out of the x integral
(but be careful not to pull y out of the y integral).

1/y 3 3 1/y
f fxy dx dy = fyz f xdx |dy
x=0 y= y=1 x=0
3 3
21/3’ 1 ,
f dy =3 fy 212 dy

y: y:l






Example: Perform the following integral.

1/3 3
f f x2y?dx dy
x=0 y=0

Since all of the limits are constants, we may
perform these integrals in any order.

1/3 3 1/3 3
f fxzyz dx dy = j x? fyz dy |dx
x=0 y=0 x=0 y=0

1/3

y31?
= fxz \?] dx
y=0

x=0



1/3 1/3

1 1
=3 f xz[y3]5’,=0dx=§ f x2(33 -03) dx
x=0 x=0
1/3 1/3
1
=3 f x?(27)dx =9 f x? dx
x=0 x=0
x33 1,3 1
—_ql|’_ _ 311/3 _ Y 3l =2
=o\5| =aent=3|(3) -0 =3()
x=0
B 3__3+3__1 0111
T 27 27+3 9



Example: Perform the foIIowmg mtegral

J’[fxyzdxdydz

x=0y=0 z=
We must integrate over y and z before x because
the integrals over y and z have variable limits (x?
and y). Furthermore, we must integrate over z
before y because the limit in the z integration
includes y. We will first integrate over z, then
integrate over y, and lastly integrate over x.



When we integrate over z, we treat the
independent variables x and y as constants. Pull x
and y out of the z integral (but be careful not to
pull y out of the y integral).

ffoyzdxdydz

x=0 y: 7z=0

&2
N

clzln%'—‘ ICI:‘%’_L

=

=
<

=

cI:IJH RN cI:I:‘%
=

=
<



x
=
I
=
S 3
s _ &
S 2y ,,.Mw
y S y
= > >
(| N
V,__ x.jﬂu xfﬂ._..
- > >
e 2 =
(I — > [ o
N
2xfn_H — | N — | N
52 | |
— o
f“_v_m

— | N



1 1
1 2 1
=2 [ xMlodr =35 [ xlGd) -0 dx

x=0 x=0
1 1
_1f (8 O)d _1f 8d
_8 x(x JC—8 XX X
x=0 x=0
1 1 [x207" 1
X
— _ 9d N — _ [410 1_
8 fx * 8[10} _ Tgo* k=0
x=0 x=0

1
— % (110 _ 010)

= 1(1 0) = L = 0.0125
B 80

Note that (x2 4 = x2 according to the rule
(xm n — mn.



Chapter 16 Exercises

Directions: Perform the following integrals.

Write your solutions down on a piece of paper. You can find the full
solution to each problem at the end of this chapter.

Part A



Part B



Part C



xy?z?
dx dy
dz

x3y
dx d
ydz



Chapter 16 Solutions

3 Vx 3 Vx
(1) f xydxdy = | x ydy |dx
X=0 y=0 x=0 \y=0
3 N 3
2 1
= fx[y? dx=§ [x[yz]}/_ﬁo dx
x=0 y=0 x=0
. 3 3
2
= fx[(\/i) —oz]dx=— fx(x—O)dx
x=0 x=0
- 1[x3]° 1
— _ 2 — _|_— — —[+313
_2 fx dx 2[3} 6[x ]x:O
x=0 x=0
1 27 |9
- — 3_03Y=—=|2|=
6(3 0 c > 4.5













4 2
1 15
==16-1)=|—[=|7.5
2( ) 2
Notes
e ——41=-2 3=_1+2=1(add fractions
2 2 2 2 2

with a common denominator).
1 1 2 .
To=1X-=2 (to divide by a

.m:]_ >

fraction, multiply by its reciprocal).



=1
4 9
1 ( dy
J 7 | &)
x=1 X y=4\/§
4 9
1 dy q
fﬁ fyl/z X
x=1 y=4






x=1

=
Il

=
I

4

—

N
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xX=0y=x x=0 V=X
2 2X
= fx?‘ {y?] dx
x=0 y=x
5 5
_.1 2[~,212X dx = 1 2 2 a2 d
=5 x“[y 55y x—z x[(2x)° — x*] dx
x=0 x=0
5
1
=5 fx(élxz — x%)dx
x=0
5 5 5
1 3 3 [x®
_ = 2 2 _ - 4 e
_fo(?,.x)dx fodx 2{5}_
x=0 x=0 x=0
3 3
_ 2 515 — 2 (e5_ (5
3(3125) 3(625) 1875
= T === 937.5

Note that (2x)? = 22x? = 4x? because x™x" =

x‘m+n-



Part C
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WAS THIS BOOK HELPFUL?

A great deal of effort and thought was put into this book, such as:
 Breaking down the solutions to help make the math easier to
understand.

» Careful selection of examples and problems for their
instructional value.

* Full solutions to every problem in the answer key, including
helpful notes.

» Every answer was independently checked by an international
math guru.

* Multiple stages of proofreading, editing, and formatting.

* Beta testers provided valuable feedback.

« Elaborate conversion to Kindle format.

If you appreciate the effort that went into making this book possible,

there is a simple way that you could show it:

Please take a moment to post an honest review.

For example, you can review this book at Amazon.com or Barnes &
Noble’s website at BN.com.

Even a short review can be helpful and will be much
appreciated. If you're not sure what to write, following are a few
ideas, though it’s best to describe what’s important to you.

* How much did you learn from reading and using this

workbook?

» Were the solutions at the back of the book helpful?

» Were you able to understand the solutions?

» Was it helpful to follow the examples while solving the

problems?



* Would you recommend this book to others? If so, why?
Do you believe that you found a mistake? Please email the author,
Chris McMullen, at mailto:greekphysics@yahoo.com to ask about it.
One of two things will happen:

* You might discover that it wasn’t a mistake after all and learn

why.

 You might be right, in which case the author will be grateful

and future readers will benefit from the correction. Everyone is
human.


mailto:greekphysics@yahoo.com
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Chris McMullen earned his Ph.D. in phenomenological high-
energy physics (particle physics) from Oklahoma State University in
2002. Originally from California, Dr. McMullen earned his Master's
degree from California State University, Northridge, where his thesis
was in the field of electron spin resonance.

As a physics teacher, Dr. McMullen observed that many students
lack fluency in fundamental math skills. In an effort to help students of
all ages and levels master basic math skills, he published a series of
math workbooks on arithmetic, fractions, long division, algebra,
trigonometry, and calculus entitled Improve Your Math Fluency. Dr.
McMullen has also published a variety of science books, including
introductions to basic astronomy and chemistry concepts in addition
to physics workbooks.
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50 CHALLENGING

CALCULUS

PROBLEMS

J,, A= f(4—x2)dx
\ BN,
x=—2

\

FULLY SOLVED

Chris McMullen, Ph.D.




50 CHALLENGING

ALGEBRA

PROBLEMS
3X -2y

9x* - 12xy + 4y?
27x? - 54x%y + 36xy* - 8y°

FULLY SOLVED

Chris McMullen, Ph.D.




Essential Calculus-based %

Study Guide Workbook

Volume 1: The Laws of Motion

2

omR?
m=fdm=fodﬁl=

y
dm = odA

X

20R3

= e dA = rdrd6

r=0
_20R® 2 4R
G 3 onR? _371' y:rs‘in@

A"  Chris McMullen, Ph.D.




SCIENCE

Dr. McMullen has published a variety of science books, including:
 Basic astronomy concepts
 Basic chemistry concepts
» Balancing chemical reactions
« Calculus-based physics textbook
* Calculus-based physics workbooks
* Calculus-based physics examples
* Trig-based physics workbooks
* Trig-based physics examples
* Creative physics problems

Essential Calculus-based % 100 Instructive Calculus-based

PHYSICS ¥ | e H pHysics

Study Guide Workbook o 5 ' Examples

Violume 1: The Laws of Motion ‘ : Wolun awsof Motion



http://www.monkeyphysicsblog.wordpress.com/

ALGEBRA

For students who need to improve their algebra skills:
* Isolating the unknown
« Quadratic equations
* Factoring
« Cross multiplying
» Systems of equations
« Straight line graphs

www.improveyourmathfluency.com

e T \AR [ [\ [cl SYSTEMS of EQUATIONS

Substitution, Simultaneous, Cramer’s Rule

ALGEBRA ALGEBRA

PROBLEMS

ALGEBRA

ESSENTIALS PRACTICE

WORKBOOK

Practice Workbook with Answers

WITH ANSWERS 3x -2y

Linesr & Ruadratic Equzbons, Cross Maltipiying, and Systems of Equations

2% =3x=-1

Improve Your Math Fluency Series

9x* - 12xy + 4y?

FULLY SOLVED [ Nkt

LOAG AOML WSEM EINGHCA 261j62

Chris McMullen, Ph.D. e A



http://www.improveyourmathfluency.com/

MATH

This series of math workbooks is geared toward practicing essential
math skills:

* Algebra and trigonometry

* Calculus

* Fractions, decimals, and percentages

* Long division

» Multiplication and division

« Addition and subtraction

www.improveyourmathfluency.com

2 ICONGIE RAC{Tl?l}lw  MASTER
ESIIIES g%gi%ﬁk&!ﬂm Essentials Workbool . . N G

Master Basic Trig Skills

cos(a+ B) =
cosacosf —sinasinf

Imgrwe Your Math Fluency Series 3 1.9 & F 3 Jur Math Fluency Series
1whLoAG AOMIL SGH EINGHCA 26MI62 12 1z 17 ik [S4p EInsuch g6iis2

Chris McMullen, Ph.D. Atk i
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PUZZLES

The author of this book, Chris McMullen, enjoys solving puzzles. His
favorite puzzle is Kakuro (kind of like a cross between crossword
puzzles and Sudoku). He once taught a three-week summer course
on puzzles. If you enjoy mathematical pattern puzzles, you might
appreciate:

Number Pattern Recognition & Reasoning:
* Pattern recognition
« Visual discrimination
 Analytical skills
* Logic and reasoning
* Analogies
* Mathematics

300 + Mathematical Pattern Puzzles



https://www.amazon.com/dp/1512044288
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THE FOURTH DIMENSION

Are you curious about a possible fourth dimension of space?
» Explore the world of hypercubes and hyperspheres.
* Imagine living in a two-dimensional world.
* Try to understand the fourth dimension by analogy.
 Several illustrations help to try to visualize a fourth dimension of
space.
* Investigate hypercube patterns.
» What would it be like to be a four-dimensional being living in a
four-dimensional world?
* Learn about the physics of a possible four-dimensional
universe.

Thewsgal Guideto | | Full COL R Ilustrations of the

The FOURTH | extra B HEETTT
DIWEN- Dimension

Volume 2: Hypercube- and
Hypersphere-Based Structures
Chris McMullen, PhD
Visualizing the Fourth [hmersion,

Higher-Dimensional Polylopes.
‘and Curved Hypersurfzees

DIMENSION




