9 Differentiation

Differentiating sin x and cos x
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Find dy given that:

- d
a y=6sinx b y=—3SiH%X c y:%sinSx Mfy=sinkx, thenai-:kcoskx
: : - dy -
= lEethon == ——
d y=cosdx e y=>5cosbx fy= —%cos Tx 2 _COS ‘x Ny el
Find f'(x) given that: @ Differentiate each term separately.

a f(x)=4sinx —3cosx

b () = %sian +4cosx — 6sin%x

_c5_4 1 _8 1

c f(x)—SXZ—P—6sm§x d f(x)——ﬁ+3cos€x
f(x) = 5sinx — 3 cos x. Find the x-coordinates of the
stationary points on the curve with equation y = f(x)
in the interval —180° < x < 180°.

m Stationary points occur when the
gradient is equal to zero.

f(x) = x — cos2x. Find the equation of the tangent m . fhe

. T T
to the curve at the point (Zr Z)- gradient, m. Then find the equation of
the tangent using the equation
Y _y1 =;m(X—x1)
+— Year 1, Section 12.6

f(x) = 6sinx — 3cos2x
Find the stationary points of the curve y = f(x) in the
interval 0 < x < 27 (6 marks)

g(x) = 6sin2x — 4 cos 2x. Find the equation of the normal to the curve with equation y = g(x)

at the point (7, —4). (5 marks)
h(x) = 3sinx —4cosx + %xz. Show that the equation of the tangent to the curve with equation
y = h(x) at the point with x-coordinate % is8y—(32+4m) x=24-161— (6 marks)
Prove from first principles that the derivative of cosx is —sin x. (5 marks)

m Differentiating exponentials and logarithms

1
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Differentiate: =
mtf y = ek then W _ e
a 6e b Se>—Te ; - dx
7 (L= ey

C ? d o
Find f'(x) given that:

( )g- mlfyzlnx,thend—yzl
a f(x)=1n2x b f(x)=Inx2 dx %

: First expand the expression using laws

¢ f(x)=1In (;75) d f(x) =1n(4x%) of logarithms. ¢ Year &, Section 14.5




Differentiation

3 Find % given that: m If y = ak"‘,"'\"/vhere kis a real constaht
a y=3" b y=5%= and a > 0, then %:a’“k‘lna. ;
4 Find the equation of the tangent to the curve y = 4* at the point with x-coordinate —%
@ 5 Given f(x) = e~ +2Inx?, find f'(x). (3 marks)

(E/P) 6 A curve has equation y = 3e* — Inx?. Show that the equation of the normal at the point with
x-coordinate 1 is x + (3¢ —2)y — 9e?+ 6e — 1 = 0. (6 marks)

(E/P) 7 f(x) =4*+4~* Show that the equation of the of the tangent to the curve with equation y = f(x)
at the point with x-coordinate % isy=(In8)x + % - %ln 8. (6 marks)

E/P) 8 f(x) = 9%+ 36

. a Demonstrate, clearly showing all your steps, that f(x) can be written in the form a(3%)

where a and k are constants to be found. (2 marks)
b Hence, or otherwise, show that f'(x) = (41n3) (3% +1) (3 marks)
m The chain rule
1 Find ¥ for each of the following: - =
dx 1 m If y = (f(x))", then %: 1 fec)) = (x).
a y=(4-3x)* b y=(6+5x) = e
e y=0+2x)* d y=T+3x%»>
6 1
(9 = f = ———
s T
g y=33+2x* h y=\7x>-4
2 Differentiate: =
) ) m You can use the chain rule to
a y=sin’x b y=Inx differentiate a function of a function.
¢ P = e d y=(Inx)? If y = f(g(x)), then g%; fg(x)g ().
e y=In(cosx) f y=sme ™)
3 f(x) =3 -1nb6x)?
a Find £'(x). b Evaluate f<%2>
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Find the value of iy at the point (3, 6) on the m First find ?}x

dx ;,
curve with equation 2y% — 4y = x. Theause the facfthat SJ’ dl ,
A curve has equation y = (2x — 3)°. Find the , , " =
equation of the normal to the curve at the point P
with x-coordinate 2. (5 marks)

{(x)= G=»7 6 Sk x # 6. Find the tangent to the curve with equation y = f(x) at the point P with

x-coordinate 4. Give your answer in the form ax + by + ¢ = 0. (7 marks)

f(x) = 3sin®x — 2cos?x. Show that the equation of the tangent to the curve with equation

y = f(x) at the point Q with x-coordinate —% is 12y —= 30V3x = 2572V3 + 9 = 0. (6 marks)

The curve C has equation x = —2sin4y. Show that the equation of the normal to C at the

point A with y -coordinate % isdx+y+4V3 -2l =0. (6 marks)

Find the equation of the tangent to the curve with equation y = 2%? at the point with
coordinates (-1, 2). Give your answer in the form ax + by + ¢ = 0, where a, b and ¢ are exact
values to be found. (6 marks)

m The product rule

1
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. . dy )

Find = for each of the following:

dx m |fy=uv,then9}—=u—cﬂ}—+vg—q,
a y=x(4->5x)° b y=3x3Q2x-1)° dx dx - dx

where © and v are functions of x.
c y:%(6x—7)4 d y=8x2(2x% - 4)3
Find f'(x) given that:
: m If f(x) = g(x) h(x) then

a f(x) = x*cos2x b f(x) =¢*sin 5%

Hoo g(x)h (x) + h(x)g'(x)
¢ fix)=e>(2x2+3)° d f(x) =—-3cosdxsin2x

e f(x)=xInx £ ()= e*In(cos3x)

. dy . E
Find the value of —= at the point (1, 4) on the m ‘ '

dx ’ , d

curve with equation y = 4x3(1 — 2x?)*. e
Differentiate with respect to x:
a (x*—3x%)e™> b (4cos2x—sinx)e** ¢ (xz— 5003%x>1n4x
Differentiate with respect to x:

a e~*cos3x (2 marks)

b x*In(sinx) (2 marks)




Differentiation

. (E/P) 6 a A curve C has equation y = 2x*(2 — 5x?%)3. Show that ((11

where n, a, b and c are constants to be found. (4 marks)

=x3(2 - 5x)"(ax?+ bx + ¢),

b Hence find the exact x-coordinates of the stationary points of C. (4 marks)

7 The curve C has equation f(x) = e*sinx.
1

a Show that the turning points of C occur when tanx = = (3 marks)
b Show that the equation of the normal to C at the point where x = % is
X +4ery —4etr — g =40 (3 marks)
8 A curve has equation y = (x — m) sin 2x. Show that the equation of the tangent to the curve at
the point with x-coordinate % SX+y=m. (6 marks)
m The quotient rule
1 Find f'(x) given that: :
| 3 . a@d 0 g(" then
a f(x)= =9 b f(x)= 35y h(x) ;
. Tx 0x . h(x)g (x)— g(0h’ ()
¢ f(x)= A8 d f(x) = 1X2=9x ‘ (h(x))?
0=ty O
. ady e
2 Hind g for each of the following: Jdu_dv
_4x? _x—-e~ Ifip— ﬂ ey —— e Mwhere
aty= b y= dx y?
cos2x Inx ,
= e uand v are functlons of x.
€ V= Cos?x s sindx |
3 Find the gradient of the curve with equation y = ix 2X ot the point ( 53 7)
4 The curve C has equation y = x_z_ejz;@g
a Find j_y b Find the equation of the normal to C at <1, - %)
@ 5 Giveny= smzxx , find gy (4 marks)
@ 6 Differentiate ( = 5) with respect to x. (4 marks)
7 The curve C has equation x = cosy2y . Find the equation of the tangent to the curve at the
point where y = % in the form ax+ by + c=0. (6 marks)

@ 8 The diagram shows part of the graph with equation
= f(x), where f(x) = COS =

a Show that at the statlonary points 4, B, C and D,

either cosx =0 or tanx = —% (4 marks)

b Hence, or otherwise, find the x-coordinates of the
points A, B, C and D, giving your answers in radians
to 2 decimal places. (2 marks)
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Find < given:

dx
a y=tandx
cip=icot’x

dx

a y=cosecbx

Find (4 given:

4
¢ y =(cosecx)?

Find f'(x) when f(x) is:

a x’tan3x
¢ In(cosec?x)

sec?x
e P iy
Inx

Given that x = sin2y,

g dx

a fin &

in terms of y.

b y="7cot2x
d y=-3tan’x

b y=-4sec5x
d y=-2sec’4x

secx
[

x2+1
d e~cotdx

(4x-1)3
cot?x

b Hence find d_y in terms of x.

dx

m Differentiating trigonometric functions

m If y = tan kx, then g—i =k sectkx
dy

= cot kx thena} = —kcoseckx

m If y = coseckx, then

9,_1/_ = —kcoseckx cotkx
dx

If y = seckx, then % =k seckx tankx

m Use the product rule or quotient rule
in addition to the chain rule and standard
rules for differentiating trigonometric
functions.

m;Use the identity sin?4 + cos* A =1 to
write cos 2y in terms of x.
+— Year 1, Section 10.3

Show that if y = cosec x, then % = —COSeC X Cotx. (5 marks)
f(x) = Ini(cot 2x)
a Show that f'(x) = —4cosec4x. (5 marks)
b Find the equation of the normal to the curve y = f(x) at the point with x-coordinate%
(3 marks)

The diagram shows part of the curve y = f(x), where A
f(x) = elanyx
Point 4 is the y-intercept of y = f(x). The tangent »
and normal to the curve y = f(x) at 4 intersect the
x-axis at the points B and C respectively. y=1fx)
Find the area of triangle A BC. (8 marks) >

/B (0] C\ b
Given that x = sec4y,
a find g—; in terms of y. (2 marks)
b Hence find L)) in terms of x. (4 marks)

dx
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Differentiation

m Parametric differentiation

Find % for each of the following, leaving your

: m If x and y are given as functions of a
answers in terms of the parameter . -

dy

ax=4r-1,y=2 parameter, t,thend—y-—;»gi

) s dos
bx=?,y=4—t2 dt
e x=31Lv=re"
d x=4sint,y = 5Stant e x=4e¥-1,y=2e'+4 f x=20~19=Int
A curve C has parametric equations x = tanz, y = sect. Find:

dy.

a a% in terms of the parameter ¢

m Substitute ¢ = % into the original

h i . - . .
bt e equation of the ntangent to the curve at the caltion: lobnd the coordinates of P
point P, where ¢ = 1 s :

A curve C has parametric equations x = 1 — ¢2,y = >+ 2¢%. Find:

dy .
a d_i}c in terms of the parameter ¢
b the equation of the normal to the curve at the point P, where ¢ = 3.

Give your answer in the form ax + by + ¢ = 0, where a, b and ¢ are constants to be found.
A curve C has parametric equations m dy
x=1-c0s20,y=4sin20, -7 < 0 < & Find: Solve o 0 to find the values of

dy . 6 at the points with zero gradient, then
a 5 interms of the parameter 6 substitute into the original parametric

dx
: . ) ; equations to find the coordinates.
b the coordinates of the points with zero gradient . —

on the curve C.

The curve C has parametric equations x = 2sec 0,y =4cos’0, -1 < 0 < 7.

a Find an expression for % in terms of the parameter 6. (4 marks)
b Find an equation of the normal to the curve at the point where 6 = %t (4 marks)

The curve C has parametric equations x = (¢ —2)?,y =t>+4t,t €R.
The line /is a tangent to C and is parallel to the line with equation y = 2x - 9.
Find the equation of /. (6 marks)

The curve C has parametric equations x = —2sec2t, y = 2cot¢?, —g =0= g

. 3 dy.
a Find an expression for d—i in terms of the parameter ¢. (4 marks)

The point 4 with coordinates (-4, —2V3) lies on the curve C. The line / is tangent to C at A.

b Show that an equation for /is x\3 + 3y + 10v3 = 0. (4 marks)
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8 The curve C has parametric equations x =

1

The line / is normal to C at the point where ¢ = =

a Find an equation for the line /.

b Show that a Cartesian equation for the curve C

m Implicit differentiation

1 By writing u = y° and using the chain rule,
d

d 5 s
show that dx(y)—Sy ol

i 352\ — 3 Q 24,2
2 Show that dx(x 'y )—2xydx+3x y
. dy.

3 Find dyn terms of x and y where:

a x*-y3=3

b 3x?+4y?-5x?y=2

5y?

C)= X2 =2

d4ln(x-5) -In(»*)=0 e cosx + sin?y =
4 The curve Cis described by the equation

x2—4x?y+y?=21

. . dy
a Fmda

b Evaluate d—y

Fps at the point (2, -1).

t = o
l—t’y—l+12’ 1<r<l1.
1
(6 marks)
s x2+2x+1
lsy_72x2+2x+l (4 marks)

m Use the product rule and the fact
thati(y”) =ny"‘193—)
dx dx

m When yoq diﬁerentiate implicitly, yourt
dy

expression for
- dx

will usually involve both

xand y.

1 f xe?+ye*-7=0

m For part b, substitute x =2 and y =-1
] dy

into your expression for -

¢ Find an equation of the tangent to C at the point (2, —1).

@ 5 Find the gradient of the curve with equation 3x? — y* — 5xy = 1 at the point (2, 1). (5 marks)
@ 6 Given that e — e = 4xy, find % in terms of x and y. (5 marks)
7 The curve C satisfies cos2x + sin2y = 1, where —% = % and 0 <y < %
a Find an expression for % (3 marks)
b Find an equation of the tangent to C at the point P with x-coordinate ~%, giving your

answer in the form ax + by + ¢ = 0, where a, b and ¢ are constants to be found.

(5 marks)

EP) 8

A curve Cis described by the equation 4x* + y> + 6x — 8y — 10 = 0.
Find an equation of the normal to C at the point (1, 8), giving your answer in the form
ax + by + ¢ = 0, where a, b and ¢ are constants to be found. (7 marks)
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(E/P) 7

(E/P) 8

Differentiation

m Using second derivatives

a Find f'(x). b Find f’(x).
f(x) = 8x° + 3e*
a Find f'(x).

f(x) =¢*cos2x
m To find f’(x), differentiate f'(x).

The function f(x) is convex on the
interval [, b] if and only if f'(x) = 0 for
b Hence show that f(x) is a convex function for every value of x in that interval.

all real values of x.

f(x) = cos2x, —-g SPES

a Find {"(x). m The function f(x) is concave on the
interval [, b] if and only if f"(x) < 0 for

b Find the range of values for which f(x) is everyvalue of x in that interval

concave.
f(x) = x(2x - 1)°
2 R Colan s m A point of inflection is a point at which
b Show that f”(x) =0atx= % and x = % f'(x) changes sign. To find the point of
inflection, solve f'(x) = 0, then check that

_ l A . < 3

¢ Show that x G 13 oint of 1nﬂ”ect10n by f(x) has different signs on either side of

dfemonstre}tmg that £7(0.1) and £7(0.2) have that point.

different signs.
Find the interval on which the function f(x) = x* — 8x* + 6x — 2 is convex. (4 marks)
) = x(2x— 5)*
a Find f'(x) and f"(x). (4 marks)
b Show that f(x) has a point of inflection at x = 1. (3 marks)
The curve C has equation y = f(x) where f(x) = sigzilx = n= %
Determine the range of values for which f(x) is convex. Give your answer to 2 decimal places
where necessary. (6 marks)

f(x) = x**. Find the exact range of values for which the curve C with equation y = f(x) is
concave. (6 marks)

@ Rates of change

1

Given that S= 6x2and that 9% = 2

ds de ¥ m You tén Q,Se ﬁhe chain,rule to connect
a find o rates of change in situations involving two
b evaluate % when x = 3. or more variables Here dr " dx *dt
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- . dx _ dy _ o
Given that y = x cos4x and that i 3, find T when x = 16

dx _ 1 64D .
q —2,ﬁnddtwhenx—4.

The volume of a sphere V' cm? is related to its m : ,
radius by the formula ¥ = —nr » For part b, r varies with ¢, so you

Given that y =~ and that ==

cannot treat it as a constant when you

a Find ar differentiate ¥ with respect to . You need
. dr A to use the chain rule:
b Given that the rate of change of the radius in e i d r
cms™ is given by zilr =3, find %It/ dr  dr

At any given time, the rate of population growth in a small town is modelled as being
proportional to the current population, P.

a Write a differential equation to describe this model. (1 mark)

b Explain how this model could be adapted if the population is declining at a rate
proportional to its size. (1 mark)

At time ¢ years after monitoring began, the area covered by Arctic ice is 7 km?.

The rate of decay of ice coverage is directly proportional to the square root of the existing
area covered. Write down a differential equation in terms of 7 and z. (2 marks)

The value, V'in £s, of a car ¢ years after it is purchased is modelled by the equation
V=23500e% t =0
a Find the value of the car 7 years after it was purchased. (1 mark)

b Find the rate of change of value of the car after 10 years. (3 marks)

The volume, V'cm?, of a sphere is given by V' = —nr 3 and the surface area, Scm?, of a sphere is
given by S =47nr?.

‘n

2
a Show that V' = g \/__ (2 marks)
The surface area of the sphere is expanding at a constant rate of 4cms.
dlff S
b Show that = Vx (2 marks)




Problem solving BN

Differentiation

The curve C has equation y = 4x*Inx2, x > O

: e : =5
- Show that the curve Cis convex when x = e ©.

(6 marks)

: f(x) = ax* + 2x° + 3x*—10x + 5. Given that f(x) is convex for all real values of x, find the range

of possible values of a.

Problem solving BSI&:

Circle C has parametric equations
x=2sint—1,y=2cost+3,0<t<2rn
The line /, is normal to C at the point B, which lies on the y-axis.
a Find the Cartesian equation of the circle, clearly stating the
~ centre and radi;us.‘ L (3 marks)
b Show clearly that B has coordinates (0, 3 + V3). (2 marks)

- The line /, intersects the x-axis at the point 4.

- ¢ Find the area of triangle AOB. L marks)

.

¢

(6 marks)

@ marks)
(4 marks)

=y
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