Algebraic Proof

— REVISE THIS
Tonlc

1 Provethat(n+5)2—-(3n+8)=(n+3)(n+4)+5

(N+5)Yn+5)- (3n+9)

= Nt+ Sn+ dn+ 25 - 3n- g
N+ Fn+ [+

= N+ In+ 1L +S

= (n3 An+4) + D

(Total for Question 1 is 3 marks)

2 Provethat(2n-1)2-~(n-3)?2=@n-1)(n+1)-7

(2n <1 1n=1) = (0 =3 N=-3)

- (LW\L = ln - 2n +l)‘ (V\l-gr\~2m +C\)
N S I o P L

= Int 42 - Q
= %V\L—\'lv\-\~q—
= (An-\)n+\) -HF

' (Total for Question 2 is 3 marks)
1
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3 Prove that (3n —5)?—2(4n-5)(n—3) = (n + 5)(n - 1)

(n=SA3n-5) - 2 en-5)n-7)
"'(O\V\L«\SV\— \Sn ¥ 15) = L(tnt -12n -SnlS)
= Q' -20n + 25 - 8n ¢ Wn +\0n -0
a4 bn - 5
= (n+ %XV\—\\

(Total for Question 3 is 3 marks)
Prove that (n — 3)2— (15 + n)(15—-n)=2(n—-12)(n + 9)

(V\ -3 n-2) = (1S +nY15-n)

= (0" - 3In-3n + A) - (218—\SV\ +\Sn —n")
S W -6 A 275 +Sh — 1S +nt

= nt-Gw - 26
= 2{nt= 3n—109)
= 2(n-12Xn+9 )

(Total for Question 4 is 3 marks)
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5 nisan integer such thatn >3
Prove algebraically that (n — 2)2 — (n —5)? is always a multiple of 3.

(n-Dn-2) = (n - 5Yn-5)

(Nt =21 =2+l — (" -SNn-5Sn *7_53
N —Un +4 —N2+Sn+ S - 75

= bw -2\

= (2w -1

W

(ZV\«'«]-) 1S an \'njreger
o M- i g multiple of 3

(Total for Question 5 is 3 marks)
6 nisa positive integer.
Prove algebraically that (3n + 1)? — (3n — 4)? is always a multiple of 15.

(3n+ 1) 2n+1) - (Bn-w\3n-1)
= (O\V\l-r’ovw—%vw 1 - (%L— \In - \2n +\Q

- O\V\l'\'(OV\\'\ —qV\LH’lV\ +|Lv\~\(o
= ZOV\ ’\S

= |IS5(2n-))

(Ln=1) is an \'njreger
© [5(In=1) is a mulfiple of \S

(Total for Question 6 is 3 marks)

3

www.1stclassmaths.com © 1stclassmaths



http://www.1stclassmaths.com/

ﬂ ’ r@ @1stclassmaths

7 nisapositive integer.
Prove algebraically that (2n + 5)2 — (2n + 1)? is always a multiple of 8

(lvw SY 2n +S) - (va (2w + ]
= (4n"+ 1On + (On 3 15) = (bn* + Tn +2n & )
LI—V\LT 100N + lg— Ll—v\l—ZV\—Zv\—-l
lbn + 21t
R(2n + 1)

i)

O‘V\ */3\ 1S an (njreger
$0 %(QVH?Q s W\ul‘r\p\e o& g

(Total for Question 7 is 3 marks)

8 nis a positive integer such that n > 2
Prove algebraically that (2n + 3)? + (3 — n)?— (n + 5)? is always one more than a multiple of 4.

(n +3) 2+ 3) + (2-n)2n) - (n+5) nt5)
< (bt oy bnt Q) + OQ-t-22rnt) - (0" Sn + 5 +1S)
= b 51 n 29 9 - wentopt -low — 1S
= bt -lbn - F
= -l - 8+ |
= G (b -n-2) + )

(Y\L/ V\’l) 1S an ‘u«keﬁef {0 L%(V\lzvvﬂ IS o
mmp\e o& L Y0 Yw=n-2) ¥\ s one

more. Than o mudiiple of 4

(Total for Question 8 is 4 marks)

"
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9 Prove algebraically that the sum of five consecutive positive integers is always a multiple of 5.

(W +(h+ )+ (nt) + (nr ) + (nel)
= Snx |0
= S(n +7)

(V\'\’L\ 1S (M’eg@r
o 5(nt1) i @ mulkiple of S

(Total for Question 9 is 2 marks)
10 Arjan says: “The sum of four consecutive positive integers is always a multiple of 4”.

Use an algebraic method to prove that Arjun is incorrect.

(WY + (n+) +(n+ D) + (n + Q)
= bn [

lnt b 15 wob o wudh ple, % b cince
6 1 not o wuld Ple of b

(Total for Question 10 is 2 marks)

5
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11 Prove algebraically that the sum of six consecutive positive integers is always a multiple of 3.

(N) + (W) + (nr D) + (We3) (e e +(n+s)
= bn + IS
= U+ D)

Tn+5 is an (n{’egﬁf
0 YAn+5) is a multiple of 5

(Total for Question 11 is 2 marks)

12 nisa positive integer.
Prove that (4n — 3)2 — 3(5n — 3)(n — 1) is always a square number.

(= 4n-73) - 3(Sn=)(n=1)
= (b2 -0n + &) - (S - S+ 3)
= lowt — Yk x4 — \Sw" + 9w + 150 -9
- \(\7’

Y\,L 1S o Sq uare number

(Total for Question 12 is 3 marks)

6

www.1stclassmaths.com © 1stclassmaths



http://www.1stclassmaths.com/

ﬂ ’ r@ @1stclassmaths

13 nis a positive integer.

Prove that (3n + 1)(9n2—3n + 1) is always 1 more than a cube number.

(T + 1 A= B )

AN - Ya" + In + A 2+
- (()J)’\f\% x|\
= (/SV\\’S 0\

(30 16 a cuke el
O (3R ) s one wore than
6 Udo @ wwoes

(Total for Question 13 is 4 marks)
14 nis a positive integer.

Prove that (n + 2)3—n?3 is always even.

(Nt D+ v2) - 0’
Q\HU«V\—&MMH) - W
T R R, A T
N4 bn* 4+ § -0
= burr\n+ §
= Z(?W\L%-GV\ + &)
(’éy\l*ﬂ()V\JrLﬂ IS an \'njreger
o AUrbnti) s a multiple of /i
and s %ﬁekﬁv@ QURIA

/)

W\

(Total for Question 14 is 4 marks)
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15 nis an integer.
Prove that n2—6n + 10 is always positive.

N"- br +1D
(n-2)" -4 + (O
(W= 2) +\

Qf\—SY} O wd | >0
$0 (n=3\" +! > 0 (always ?%-\\ﬁ\,@\

(Total for Question 15 is 3 marks)

16 nisan integer.
Prove that n?+ 3n + 3 is always positive.

n" 4+ 3+ 2

(vwz"— +7>
= (R - B
(wt 22 +q’/cr

Q(\-\' 7,\ 2 O ano\ }4: > O
SO Q\-\'/Z,\ ‘\’/L\»> O (Q\Uﬁ&gs ?mb\)ﬂ\ﬂ\

(Total for Question 16 is 3 marks)

17 nisan integer.
Prove that 2n-n?-2 is always negative.

Wm-nwr-r = - nt-2n 42
= [ (n=0) =14
= - E(\/\ﬂY’J\/\]
< —(n1) 7=
/@\— \\Lé O and -1<O
go-Q(\-\\L—\ <0 (u\m&gg \l\e&(ﬂ(\'%\

(Total for Question 17 is 3 marks)
8
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18 nand m are consecutive integers and m > n.

Prove algebraically that m? — n? is always an odd number.

Lot m = nt )\

T A R
= (WA - n”
S L 0N W

= a4\

In 1S dways even
0 I\ s odwujs odd.

(Total for Question 18 is 3 marks)

19 nand m are consecutive integers and m > n.

Prove algebraically that mn + m is always a square number.

Lek maz ne
W, + v = (V\‘\’\\V\"\’ (,V\‘\’\\

= VR Ny
= N 2n v\

- (hY

(V\Jr\) S on ‘\vereau so (nv0)™ (S a&mgs
oL wafe Wb e

(Total for Question 19 is 3 marks)

9

www.1stclassmaths.com © 1stclassmaths



http://www.1stclassmaths.com/

ﬂ ’ r@ @1stclassmaths

20 Prove algebraically that the sum of three consecutive even numbers is always a multiple of 6

() + (W +D) + (2w~
= lbwn ¥ (

= Gl +\)

[V\ 4\/\‘) 1S an (M’Qger
§0 Q(Mﬂ s a multiple o (o

(Total for Question 20 is 2 marks)
21 Prove algebraically that the difference between the squares of two consecutive even numbers is
always a multiple of 4

(Ln+D" = (W)Y

bnt + Lo Ale ~ b “(-H/\)
- Bw o+ b

= Gln )

@V\ \/\\ IS an \'njreger
0 G (2nr)) is @ mulbiple of U

(Total for Question 21 is 3 marks)
10
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22 Prove algebraically that the sum of the squares of three consecutive integers is one less than a
multiple of 3.

(N + e v (wa)”

(Y (A T v ) (a4l v

= Inl 4 bw 4+ §

It + b + 6 —

’SU\7’+ JINE \\ -\

(" s ) is an (nhger

o L)) s a multipe of 2

O\V\d Ut + +1) =\ s onelecs Yhanm
0 M\/\\’n‘p\e oJ( S

|

i\

(Total for Question 22 is 4 marks)

23 Prove algebraically that the difference between the squares of consecutive integers is equal to
the sum of the two integers.

let, nntl e owecudive wkegqers
() -

= W L x L = Wb

= Jwn X

SN ERGE R

(WA is Pe Sum J( e oo inegers

(Total for Question 23 is 3 marks)

11
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24 Prove algebraically that the product of two consecutive odd numbers is one less than a multiple of 4.

(2n+ D(2n+3)
= Lns e r b 4+ 3
- Gurr T+ 3
Gin™+ ®n + 4 |

= G lwry 2w 1) - |
O\K\,L\,\ _\/\\ 1S un (M'eger

o Hwrd mx) is a multiple o& L
(M\a\ L\*KV\LVLV\JV\\ -\ i one \egs

Pran o b ple of &

(Total for Question 24 is 3 marks)

25 Prove algebraically that the product of three consecutive even numbers is always a multiple of 8.

NS R &S +&)
= Ul Ut e Run +bwn + B)
= (kw12 + Q)
= W+ Lhwt + \bu
= 2w 20+ )
(h*+%>+2n) is an (nhger
o (0 + %t +2n) is a multiple o‘y%

(Total for Question 25 is 3 marks)

12
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26 aand b are positive integers.
a is two more than a multiple of 5.
b is two less than a multiple of 5.

Prove that ab is one more than a multiple of 5.
Lk 0= GnaeZ gnd b =Gm-2
ab = Gn ¥1) (s m-7)

= )Smn — 10w + Owm — &

= L5mn-Dwn 0w -G + |

= S(Smn -2 + 2un —)) )
(Cmn-du e =1) s an integer
0 5(Smn-2n+2m-1y Is @ multiple of S

OKV\O\ S(Sw\v\ —2vx+2w\~\\ + | 1S one. ware
Ahan o mulhiple ef 5.

(Total for Question 26 is 4 marks)

27 Prove that the sum of the squares of three consecutive integers is equal to five more than three times
the product of the largest and smallest of the three integers.

Lek n, nel, nyr be  Gonse cukive (eg €rs

N+ (W) +(wa)”

S (X D I (PR R P
= WY L+ bw + 5§

= :SCV\\( nt) +5

)is the smallest of The negers and (a+2)

(s the \oﬂeat @ LD S s S more
dhan hines Yt \Dﬂoé\ux(;t.

(Total for Question 27 is 3 marks)
13
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13. [Edexcel, 2016] Vector Diagrams [4 Marks]

Diagram NOT
accurately drawn

OMN is a triangle.

1
P is the point on OM such that OP = — OM

4
Q is the midpoint of ON
R is the midpoint of PN
OF =p 00 =
M«EJ V\Q_—-J__g:
(a) Find, in terms of p and q,
%
(i) MN
— —p —V
MN = MO + oN :—BP—\D""\:"‘L -
. 2q- lp @
. i
(i) PR
| —
:—i?N < -i(—P42—q')’\—b v ’R\\
B S

- \
- P“E ’ —> —

B ’ B)
z% &) swice QR = ko © [StaTEM ENT |

T @R \$ PAMLLEL To OP



14. [Edexcel, 2013] Vector Diagrams [5 Marks]

The diagram shows a'lpamllclogmm,il’QRS.

M s the midpointlof PS. ———
PM=a I’_Q’ =b accurately drawn
P ‘b 0

(a) Find, in terms of a and/or b,

() PS
B
-~ 0 Zq
(i) PR = PQ + @R
= b + 2a B
B 2a+b &
(ui)A?é = MP“?Q
= -Q + b G(\
-q +b
pp— (3)
N is the point on MQ such thal( MN = %MQ?
(b) Use a vector method to |)m\'c_ll;a_t I_j!g lS a straight line.
—y —
‘Pps = f’—?" +WN 2 %"PR
>
o+ +MA —>
= PM ¥ —
; b) swee PNl TE
- g
Lh
S Q ~la ‘1’3 MMON
3 ¢A Co
: r b Tuer Mo K&

PNR S A siealGhy LINE

"
By wp
PrE=y D
N
5
+
<



16. [Edexcel, 2004] Vector Diagrams [5 Marks]

Y

PQRS is a parallelogram.
X i)s the midpoint of QR and Y is the midpoint of SR.
PQ =aand PS =h.

(a) Write down, in terms of a and b, expressions for

—
A + QY

!

() PX

a
—
Gypr = PS+
b
-

Ginps = QP
a

)

(2)

Y
Ny—
C >
ST
!
L2
3)
LW

1

. . .
ry (swce X = k@S

W ond @ A€ PAEALLEL)



17. [Edexcel, 2016]

Vector Diagrams [5 Marks]

Diagram NOT
accurately drawn

e >
b, C
OAB is a triangle. |
P is the point on O4 such thathP PA_ 2 ]J = Kq: 24

C is the point such that(B is ‘the m nndpomt of ¢ OC 1 e o P )
[Mis the nudpomt of ABJ I i S .

ST Sow T )
04 = 6 OB = 4b P

' A = e % MC
Show that PMC is a straight line, ool : l (\ \/ A

- . )
! .

7

—

( o PM 2z k«PcC/
A = - bax b | [ o mc |<j‘;cP§<_)
o Ak s S(-earkb) A A

1%

2 b Q [‘(IM A o %mj
- Sat

T |
3
9+
+ o~
S
o W

o
— +
3) B

s vee Thé ALSo BSTH
Go ThaoUGk POINT

MEM MUST EorM A
Sra\anht LINE @
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Not drawn
accurately

9% -a

2a

Prove, using vectors, that XYZ is a straight line.

x4=6b -2
X2 > A%- o -2a
= Q9% —ba

= 3/1,(@\9-—2&\

—_
XZ =3%xX1
Hl\eft]’bfb XYL s a d’mta\»d: line,

(Total for Question 7 is 3 marks)

7
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8 OXYZis a parallelogram

o
<

|
X @ P

— —
OX=a OZ=b

XP:PY=1:3
ZQ:QY=2:3

M is the midpoint of OY

- ﬁ -
(@) Write PQ intermsofaandb.

(b) Write IVI_()Q in terms of a and b.
-
MB = A1+ 40
= % (0M) + 18
= 2 (a+r\) - %a.

\
4 b- % a

©)

(Total for Question 8 is 5 marks)

8
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2

~

a

0] 4a Y% A C
— —
OA =4a OB=b
OA:0C=3:4
ON:0OB=2:9

M is the midpoint of AB

- H -
(a) Write MC intermsof aand b.

ME = t\ﬂi—R_V
- Bk +AC
= %(ba - +'+/;ﬂ'
= 20-""1,5 + U

0 \
sa -3b
(b) Write NM in terms of a and b. 3)
— —p —=
NMm = 1\4'& + BM |
iy b + 2a- /7',5

S
19 b + La
" 2)
(Total for Question 9 is 5 marks)

9
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10 OXYZ is a parallelogram

— —
OX=a OZ=b
ZQ =QY
XP:PY=1:2
OM:MY=5:2

Prove, using vectors, that PMQ is a straight line.

= O+
- P4 + %2 (v0)
- %5b + % (-b-a
= Z‘;b—%—b—z/q-a-
. - %b:q’/&.
PO - A4 +4Q

therefore PMQ 1s a stroigWk \ine

(Total for Question 10 is 4 marks)

10
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11 OACB is atrapezium

o) A
b N
< ka )
B 4
T Sine ()O\Nlud'
(;A) =a &3) =b

M and N are the midpoints of AB and AC.

Prove, using vectors, that MN is parallel to OA.

MN = MAT AR
= hBA + 4% AC

= hba-lib-a+ihb ’sz.“‘
£

— —

N = £6

+‘mre§me —H\e,j are ?Oura\l{l

(Total for Question 11 is 4 marks)

11
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12 ABCD and CDEF are trapeziums

— - -

Ch=2a AD=CF=b

AB:DC:EF=4:2:3
M is the midpoint of BC.
N is on the line CD.

MNE is a straight line.

DN : NC =k : 1, where K is an integer.

Work out the value of k.
—3 — — - — ]
M = MG+ CN_ NE = NC + CF +FC
> (BO) +CN = K(La) +b-2a

: ‘/1,(."{'&-\'\)-\’203"0((10\ = b - (V-2
= ‘/z\) -~ — lo&o»

= b - (4N

—

NTZ" L MN DC:NC = 60

3 — ot = 2 (2otn) PN:NC = §:)

2-&&-%\«& =
o= -

D

(Total for Question 12 is 5 marks)

12
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13 POS is atriangle.

%):b I;;:Za+b
X is the midpoint of QO 2 -
OY:YR=1:2 —) -
PQ:QR:RS=2:6:3 Qo QQ -('&8 OS'-: p"\' RS 3
XYZ is a straight line. - _‘Sb {’2“ - ’35-20\ +‘ib
0Z:08=1:k ~ 2a-3b - 5_21,-‘&\
Work out the value of k.
KM = )<o+

= o - ’3(2“« X7 -XD +02

= a-"oa+b =0 + = (%b -la)

a 2

-ax g —-.z

AL ALEE 2P

(Total for Question 13 is 6 marks)
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14 PQRS is a quadrilateral.

P Q l"“-jb

—> — —> X
SY=10a-8b QS=8b-2a RM=4a-3b

RM =MQ

SY:YP=1:2

QRX is a straight line.
XS is parallel to RP.

Work out XS : RP
Give your answer in the formn : 1

RP=RQ + Qs+ SP
= Ba -6b +%%-2a + a-Lhkb
: V6o -1

)(-'& = FR 'l’éas X&; h p:z)
= K(ka-32 + batlb  =26na-22nd
= (k+ 6)a — (3k=Db

HK +b =236v ((x?) n=26
AIK-2 =220 (x4 20
LK 418 = 10%n h=1%
2K -9 = 8%n ‘
=120
1 0n, 12\

' (Total for Question 14 is 6 marks)
14
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